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INTRODUCTION

Mathematics Before Its Time

The single pattern this book exists to demonstrate — and the limit it finally meets.
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Introduction

Mathematics Before Its Time

There is a story this book is often taken to be about, and it goes like this: mathematics,
pursued for its own sake with no thought of use, turns out — decades or centuries later —
to be exactly what some discovery in physics required, already built and waiting on the
shelf. It is a true story, and it happens often enough to astonish anyone who looks. But told
on its own it is a little too clean, and the cleanliness hides the more interesting truth.

Two Directions of Traffic

Consider two of the people you will meet in the opening chapters. Around 200 BCE a
Greek geometer named Apollonius sliced a cone into curves — the ellipse, the parabola,
the hyperbola — for no reason beyond their beauty. There was nothing they were good for.
Eighteen centuries later those same curves turned out to be the orbits of the planets,
something no one could conceivably have foreseen. The mathematics came first, finished
and idle, and the cosmos arrived, late, to claim it.

Now consider Isaac Newton. To prove that gravity forces a planet onto one of Apollonius's
curves, Newton needed a mathematics that did not yet exist — a way to handle motion
that changes from one instant to the next. So he invented it. The calculus was not lying on
a shelf; it was built, on demand, because the physics called for it. Here the traffic runs the
other way: the world came first, and the mathematics was made to meet it.

Both stories are true, and they are not the same story. Between them lie all the other ways
mathematics and the world come into contact. The imaginary numbers, for instance, were
invented for neither reason — not for beauty and not for physics, but to force a way
through a stubborn problem inside algebra itself; only three centuries later did the quantum
world reveal that it could not be described without them. And sometimes the physics races
out ahead of all rigour, wielding mathematics the mathematicians themselves consider
illegitimate, that will not be made respectable for a generation.

Where the Wonder Actually Lives

Once you can see the full range of this traffic, the famous cases become more remarkable,
not less. If mathematics and physics simply grew up together, each prompting the other,
there would be no mystery: of course the tools fit the work — they were forged for it. The
genuine astonishment is reserved for the other kind, the structures built in deliberate
disregard of the world, for reasons of pure curiosity, that the world then turns out to have
been obeying all along. Those are the cases this book hunts. | have set them against the
messier ones on purpose, because a miracle only looks like a miracle once you can see
plainly what ordinary looks like.
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What this book is about:

Sometimes the world calls a mathematics into being; sometimes —
startlingly often — the mathematics was already there, finished long
before anyone knew the world would need it.

The physicist Eugene Wigner, who appears near the end of this book, gave the second
kind of moment its name: the unreasonable effectiveness of mathematics. The phrase is
famous; the honest version of it is narrower and stranger. It is not that all mathematics
proves useful — most of it never does. It is that the deepest, most useless-looking
inventions have a habit of turning out, long afterward, to be the native language of some
corner of nature no one had yet found.

How to Read It

The book is told in six parts, each a cluster of these encounters, arranged so that the
mathematics grows steadily more abstract — from the curves of antiquity to the pure logic
of the twentieth century. Two threads are planted early and paid off late: the imaginary
numbers and the probability introduced in Part | both seem, at first, to lead nowhere, and
only in the part on quantum mechanics do they come home. It is worth watching for them.

And the book ends twice. The historical arc closes on Kurt Godel, who proved that
mathematics — the same mathematics that describes the universe with such uncanny
success — cannot even fully describe itself: within it lie truths it can never prove. Then a
final part turns from the past to the future and asks the obvious question. If the pattern is
real, then somewhere in today's pure mathematics, beautiful and apparently useless, may
already sit the language of a physics not yet discovered. We will go looking for it — while
staying honest about the roads that led nowhere, and about the chance that this time the
shelf is bare.
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PART |

Ancient Seeds

The oldest seeds. Two gifts left by the past — a Greek geometry of curves cut from a
cone, and a Renaissance scandal over numbers that could not exist — one claimed by

physics within Newton's lifetime, the other left to wait for centuries.
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PART |

1.1 The Curves of the Cone

Apollonius to Newton's Orbits
Apollonius of Perga
c. 240 - 190 BCE - Geometer
Johannes Kepler
1571 - 1630 - Astronomer

Isaac Newton
1643 — 1727 - Natural philosopher

A Cone and a Knife

Take a cone — the smooth, endless kind a mathematician imagines, opening upward and
downward from a single point — and slice it with a flat blade. What appears on the cut face
depends entirely on the angle of the cut. Slice straight across and you get a circle. Tilt the
blade a little and the circle stretches into a closed oval. Tilt it further, until it runs parallel to
the cone's own slope, and the curve springs open and races off to infinity. Tilt it further still,
steep enough to catch both halves of the cone at once, and you get a pair of sweeping
branches that flee from one another forever. Four curves — circle, oval, open arc, double
arc — and all of them are hiding inside a single cone, waiting for the angle of a cut to call
them out.

This is the discovery that consumed Apollonius of Perga, a Greek geometer working in the
third century before our era, in the brilliant afterglow of Euclid. In a treatise of eight books
called the Conics, he laid out the complete theory of these curves with a thoroughness that
would not be matched for almost two thousand years. He gave them the names we still
use. The closed oval he called the ellipse; the curve that opens to infinity, the parabola; the
runaway pair of branches, the hyperbola. The names were not arbitrary — they came from
a delicate Greek vocabulary of comparison, of areas falling short, matching exactly, or
exceeding — and through Apollonius they passed, unchanged, into the permanent
language of mathematics.

Geometry for Its Own Sake

What is essential to our story is why Apollonius did this work: for no reason beyond the
beauty and difficulty of the geometry itself. There was nothing the conics were good for.
They described no motion anyone had measured, predicted no event, served no craft or
instrument. The Greeks prized exactly this kind of knowledge — geometry pursued as an
end in itself — and Apollonius pursued the conics about as far as a mind without algebra
or coordinates could go: their tangents, their diameters and axes, and, most fatefully for
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what was to come, certain special points of the ellipse and hyperbola from which the curve
behaves with striking regularity, points that much later geometry would name the foci.

A focus has a property that sounds like a riddle until you draw it. An ellipse has two of
them, bound by a simple rule: take any point on the curve, add its distance to one focus
and its distance to the other, and you always get the same total, wherever on the ellipse
you stand. The curve is precisely the set of points for which that sum never changes — the
kind of clean, self-contained fact a Greek geometer could love without needing it to mean
anything in the world.

The defining property of an ellipse:
The sum of the distances from any point on the curve to the two foci is
the same for every point.

And there the matter rested. Apollonius died, the library at Alexandria copied his books,
commentators annotated them, and the conics became a refined and admired corner of
pure mathematics — a closed subject, complete and useless. For the better part of
eighteen centuries no one had the slightest reason to think these curves had anything to
do with the sky. The planets, everyone agreed since antiquity, moved in circles, or in
ingenious combinations of circles stacked upon circles; the heavens were the realm of
perfect circular motion, and the ellipse was a mere terrestrial abstraction, a shape you got
by cutting a cone with a knife.

The Sky Turns Out to Be Elliptical

The reckoning came in 1609. Johannes Kepler, a German astronomer of fierce
mathematical imagination and even fiercer mysticism, had inherited the superbly accurate
planetary observations of Tycho Brahe and set himself to fit the orbit of Mars. He tried
circles, and circles offset from centre, and circles with the planet speeding and slowing —
every variation the long tradition allowed. Nothing worked; the discrepancies, though tiny,
were larger than Tycho's measurements could possibly be wrong by, and Kepler was too
honest to ignore them. After years of grinding calculation he was forced to a conclusion
that overturned two thousand years of astronomy: the orbit of Mars is not a circle at all. It is
an ellipse, with the Sun sitting not at the centre but at one of the two foci — one of
Apollonius's foci.

This is Kepler's first law, and it is one of the great hinges of the history of thought. A curve
defined by the geometry of a sliced cone, studied for its own sake in the age of Euclid,
turned out to be the exact path traced by a planet through space; the ancient, idle
abstraction was the truth of the heavens. Apollonius had not predicted the orbit of Mars —
he had no notion of Mars, and no thought of the sky at all. He had simply drawn, eighteen
hundred years early and for reasons of pure geometry, the very curve the planet would
turn out to follow. Kepler, who had spent his life seeking the hidden geometry of God's
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cosmos, had gone looking for divine harmony and found, instead, a Greek geometer's
curve waiting in the data.

Newton Proves It Had to Be So

Kepler had found that the planets move in ellipses, but he could not say why; that answer
waited for Isaac Newton, whose Principia of 1687 supplied the missing cause. Newton
proposed that every body in the universe attracts every other with a force that weakens as
the square of the distance between them — gravity falling off in proportion to one over the
distance squared — and from this single law, together with his laws of motion, he set out to
deduce the shape of the orbits. What he proved is the quiet climax of this entire story.

Newton's law of gravitation

mqm
E=aG 122

r

Attraction weakening as one over the distance squared —
and from this alone, the orbits must be Apollonius's curves.

Newton showed that under an inverse-square attraction a body cannot move along just
any path. The orbit is forced to be a conic section — one of exactly the curves Apollonius
had catalogued, and no others. Which conic appears depends only on how much energy
the body has. A planet bound to the Sun, with too little speed to escape, must trace an
ellipse, returning forever, with the Sun at one focus, precisely as Kepler had found. A body
moving faster, just fast enough to break free, follows a parabola, swinging once around
and never coming back. Faster still, and the path is a hyperbola, the runaway double
branch, sweeping in from the depths of space and out again. The same three curves
Apollonius cut from his cone are the only three orbits gravity permits.

So the chain closes. A Greek geometer, with no use in view, derived the family of curves
that lie hidden in a cone and named them. Eighteen centuries later an astronomer, fitting
the wanderings of Mars, found that one of those curves is the path of a planet. A
generation after that, a physicist proved that the law of gravity allows no other shapes at all
— that the geometry of the heavens simply is the geometry of the cone. The mathematics
had been finished, and set aside as beautiful and idle, long before the universe was found
to be obeying it. It is the first and cleanest instance of the pattern this book exists to trace:
the curve came first, and the cosmos arrived, eighteen hundred years late, to claim it.
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PART |

1.2 Numbers That Should Not Exist

Cardano, Bombelli, and the Square Root of Minus One

Gerolamo Cardano

1501 — 1576 - Mathematician, physician
Niccolo Tartaglia

1500 — 1557 - Mathematician

Rafael Bombelli
1526 — 1572 - Mathematician, engineer

A Secret Worth a Duel

There is no number whose square is negative. Multiply any quantity by itself and the result
comes out positive — a plus times a plus is a plus, a minus times a minus is a plus — so
the square root of a negative number is a contradiction in terms. For two thousand years
mathematicians treated this as settled. And then, in the feverish algebraic culture of
Renaissance Italy, the forbidden quantity forced its way into existence through a side door
that no one had thought to guard.

The door was the cubic equation. A formula for the quadratic had been known since
antiquity, but the third-degree equation had resisted every attempt for centuries. Around
1515 a quiet professor at Bologna, Scipione del Ferro, found a method that cracked one
important family of cubics — and, in the manner of the age, told no one. Mathematical
knowledge was a commercial asset then, defended like a trade secret, because
reputations and university posts were decided by public contests. Del Ferro passed his
secret on his deathbed to a single student.

Word of such a method leaked, and the gifted, self-taught Niccold Tartaglia rediscovered it
independently in time to crush an opponent in one of those public duels. His triumph drew
the attention of Gerolamo Cardano — physician, gambler, astrologer, and one of the most
restless intellects of the century — who begged Tartaglia for the method and at last
obtained it under a solemn oath of secrecy. Cardano then broke the oath. Having learned
that del Ferro had found the method first, he felt released from his promise and published it
in 1545 in his great treatise, the Ars Magna, with credit to both men. Tartaglia never
forgave him, and the feud poisoned both their lives. Cardano's student Lodovico Ferrari
soon went one degree higher and cracked the quartic as well.

10
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The Torment in the Formula

Buried in the Ars Magna was the recipe we now call Cardano's formula, which assembles
a cubic's answer out of square roots and cube roots of the coefficients — a more elaborate
cousin of the familiar quadratic formula. Most of the time it behaved impeccably. But
Cardano noticed that for certain perfectly reasonable problems the formula did something
disquieting: in the middle of the computation it demanded the square root of a negative
number.

He met the difficulty head-on in a famous passage, asking the reader to divide ten into two
parts whose product is forty. The two parts, the algebra insists, are five plus the square
root of minus fifteen and five minus the square root of minus fifteen. Multiply them
together, treat the suspect roots as if they obeyed the ordinary rules, and the
impossibilities cancel: the product is genuinely forty. Cardano did the arithmetic, watched it
work, and recoiled. The procedure was, he wrote, as subtle as it was useless — a piece of
mental torture. He had glimpsed the imaginary and turned away.

Cardano’s uneasy example
(5+V-15) x (5-+V-15) = 40

Forbidden quantities appear in the working — yet cancel to leave a true result.
Cardano performed the calculation and called it mental torture.

Bombelli's Wild Thought

It fell to a Bolognese engineer to take the impossible seriously. Rafael Bombelli, who
drained marshes for a living and wrote mathematics between projects, returned to the
awkward cases in his Algebra of 1572. What he saw there changed the standing of the
square root of minus one forever. For there was a class of cubics — those with three
perfectly ordinary, real solutions — in which Cardano's formula could reach those real
answers by no route other than through the square roots of negatives. The honest, real
roots sat on the far side of an imaginary bridge: there was no going around; one had to go
through.

This was the decisive turn. The forbidden quantities were not the answer to some exotic,
made-up question with no real solution; they were the unavoidable middle of a calculation
whose beginning and end were entirely real. A merchant could pose the problem and a
child could check the answer, yet the only known path between them passed straight
through territory that every authority had declared not to exist. Mathematicians later named
these awkward cases the casus irreducibilis — the irreducible case — and Bombelli had
shown that for them the imaginary was not a curiosity but a necessity.

So Bombelli did the bold thing that two thousand years of caution had forbidden: he wrote
down the rules. He called the new quantity a thing of its own, set out plainly how it

11
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multiplied, and then simply calculated. With his rules in hand he carried Cardano's tortured
expressions through the forbidden middle and out the other side, where the imaginary
parts duly cancelled and the plain real roots stood revealed. He had given the square root
of minus one its first working grammar, and its first true job: a stepping-stone to real
answers that could be reached no other way.

Reviled as a Fiction

One might expect such a coup to win the new numbers immediate respect. It did the
opposite. To most mathematicians Bombelli's rules looked like a conjuring trick — a
bookkeeping convenience that happened to cancel out, signifying nothing real. The
numbers had no place on the number line, no length, no count of things; they were, at
best, a useful fiction one apologised for using. The most influential dismissal came from
René Descartes, who in his Geometry of 1637 referred to such roots with a contemptuous
coinage that has outlived every compliment ever paid them. He called them imaginary.

The word was meant as an insult, and it stuck. Generations of mathematicians used the
imaginary numbers when forced to, the way one uses a disreputable shortcut, while
doubting they meant anything at all. They had been dragged into the world to solve cubic
equations, had proved they could not be avoided, and had been thanked with a label
announcing their unreality to every student who came after. A pointless game, most
agreed — an elegant accident of algebra with no possible bearing on the real world.

That verdict would hold for nearly three hundred years. The numbers waited,
half-respectable, half-real, a solution still in search of its problem. No one in Bombelli's
century, or Descartes's, could have imagined where the answer would finally come from —
that when the world at its smallest scale was at last laid bare, physicists would find these
supposed fictions woven into its very fabric, the only language in which the quantum could
be written at all. But that discovery lay centuries off, and belongs to a later part of this
book. For now the square root of minus one slipped back into the margins, mistrusted and
waiting, carrying a secret no one yet knew it held.

12
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PART |

1.3 The Reasoning of Chance

Pascal, Fermat, and the Mathematics of Uncertainty

Blaise Pascal

1623 — 1662 - Mathematician
Pierre de Fermat

1607 — 1665 - Mathematician

Pierre-Simon Laplace
1749 — 1827 - Mathematician, astronomer

A Question About Gambling

Probability theory was not born to describe atoms, insurance, or the weather. It was born
at the gaming table. For most of human history chance had been regarded as the province
of the gods, or of fortune, or of nothing at all — something one bet on but did not reason
about. Dice were thrown in temples to read the will of the divine. That a quantity as
slippery as luck might be measured, calculated, and predicted in advance struck almost
everyone as a contradiction in terms. Chance, by definition, was what could not be
foreseen.

The lItalian polymath Gerolamo Cardano — whom we have already met losing a feud over
the cubic — was an inveterate gambler, and somewhere in the sixteenth century he
scribbled down rules for the odds in games of dice, the first faltering attempt to put
numbers to luck. But his little book sat unpublished for a century, and the true beginning is
usually dated to a single exchange of letters.

In 1654 a French nobleman and gambler, the Chevalier de Méré, put a puzzle to Blaise
Pascal. It is now called the problem of points, and it sounds almost trivial. Two players
stake equal money on a game of several rounds; the first to win a set number of rounds
takes the whole pot. But the game is interrupted partway through, with the score uneven
and the matter unfinished. How should the stakes be divided fairly? Not who deserves
more — but exactly how much more, in numbers.

Pascal and Fermat Reason It Out

Pascal wrote to Pierre de Fermat, the brilliant lawyer-mathematician of Toulouse, and
across a handful of letters that summer the two men solved it. Their decisive move was to
ignore the rounds already played and look instead at all the ways the unfinished game
might have ended. Each remaining round is a coin-flip; enumerate every possible future,
count the futures in which each player would have won, and divide the stakes in that

13
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proportion. The fair share is not what has happened but the average over everything that
still could happen.

This was the quiet revolution. Pascal and Fermat were not predicting the outcome of any
single game — that remained as unknowable as ever. They were computing something
new: the value of an uncertain situation, a number attached not to a fact but to a fog of
possibilities. They had treated the unknown as something with a definite, calculable
structure. Out of a quarrel over gambling money came the idea that chance obeys laws.

Three years later the young Dutch physicist Christiaan Huygens, hearing of the
correspondence, wrote the first published treatise on the subject. In it he introduced the
notion that would become the backbone of the whole theory — the expectation, the
long-run average value of a gamble, found by weighting each possible payoff by its chance
of occurring.

Expectation: the weight of each possibility
expected value = pixq + poxy, +

Each outcome's value, weighted by how likely it is.
A single number distilled from a whole landscape of chance.

From a Card Game to a Law of Nature

What had begun as arithmetic for gamblers now started to deepen. Jacob Bernoulli, of the
prolific Swiss mathematical dynasty, spent twenty years on a question that gamblers had
only sensed: why does a fair coin, tossed enough times, settle so reliably near half heads?
In his posthumous Ars Conjectandi of 1713 he proved it. As the number of trials grows, the
observed fraction draws ever closer to the true probability, and the chance of any sizeable
departure shrinks towards nothing. This is the law of large numbers — the first theorem to
connect probability, an abstraction about single uncertain events, to the stable frequencies
one actually sees in the world.

The synthesis came with Pierre-Simon Laplace. In his monumental Théorie analytique des
probabilités of 1812 he gathered the scattered insights of Pascal, Fermat, Huygens and
the Bernoullis into a single mathematical edifice, armed it with the full power of the
calculus, and turned it loose on far more than dice — on errors in astronomical
measurement, on the reliability of testimony, on the demographics of nations. Probability
had grown from a gambler's trick into a general instrument of reasoning under uncertainty,
a calculus of belief and evidence. Yet for all its new reach, it remained, in spirit, what it had
always been: a way of counting the possible outcomes of a game and weighing how much
each one mattered.

And there the matter might have rested — a refined and useful branch of mathematics,
descended honestly from the gaming table. But this calculus of chance was destined for
two careers its inventors could not have imagined. In the nineteenth century, Maxwell,

14
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Boltzmann and Gibbs would discover that the only way to understand heat, pressure and
the behaviour of matter in bulk was to treat the uncountable molecules of a gas as
gamblers in an immense game of chance — to apply Laplace's averages to the invisible.
The temperature of the air in this room is, at bottom, an expectation value.

Stranger still was the second career, waiting more than two centuries ahead. When the
quantum theory took shape, physicists found at its heart a wave — the wavefunction —
that refused to say where a particle was, offering instead only a spread of possibilities. The
rule that connected that wave to anything observable, the Born rule, declared that the
squared magnitude of the wavefunction is a probability: the very quantity Pascal and
Fermat had invented to settle a wager. The deepest layer of physical reality, it would turn
out, does not deal in certainties at all. It deals in odds. We will return to that wave, and to
what its squared height truly means, in the quantum part of this book. For now it is enough
to notice that the mathematics needed to read the universe was first worked out, in full, by
two Frenchmen arguing over how to split a pot of gold.

15
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PART Il

The Shape of Gravity

Geometry escapes Euclid. A quarrel about parallel lines opens onto curved space, and the
mathematics of curvature, built for its own sake, turns out to be the very shape of gravity.

16
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PART Il

2.1 Euclid

The Postulate Nobody Could Prove

Euclid of Alexandria
fl. c. 300 BCE - Geometer, author of the Elements

Five Assumptions

Around 300 BCE, Euclid of Alexandria gathered the geometry of his age into thirteen
books called the Elements — perhaps the most influential textbook ever written. Its method
was revolutionary: from a tiny set of definitions and five postulates assumed without proof,
every theorem of geometry was to be deduced by pure logic. Four of the postulates were
brief and obvious. You can draw a straight line between two points. You can extend it. You
can draw a circle with any centre and radius. All right angles are equal.

The fifth was different. It was long, intricate, and strangely unobvious — it stated, in effect,
that through a point not on a given line there passes exactly one line parallel to it. Where
the others could be taken in at a glance, the fifth read like a theorem that Euclid had failed
to prove and had been forced to assume.

Two Thousand Years of Suspicion

Euclid himself seems to have been uneasy: he postponed using the fifth postulate as long
as he possibly could, proving the first twenty-eight propositions of Book | without it.
Generations of mathematicians who followed shared his discomfort. Surely, they thought,
such a complicated statement must be a consequence of the simpler four. For two
millennia the greatest geometers of Greece, the Islamic world, and Renaissance Europe
tried to prove it. Every attempt failed — or worse, succeeded only by secretly assuming
something equivalent to the very postulate it claimed to prove.

What the postulate guarantees
a+B+y = 180°

In Euclid's plane the angles of every triangle sum to exactly two right angles.
This is logically equivalent to the fifth postulate.

The failure was maddening, but it was also a clue. A statement that resists every attempt
at proof for two thousand years may not be a theorem at all. Perhaps the fifth postulate
could not be derived because it was genuinely independent — an extra choice, not a
forced conclusion. And if it was a choice, then one could just as consistently choose
otherwise. That heretical thought, when finally taken seriously, would open a door out of
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flat space entirely.
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PART Il

2.2 Gauss

Curvature from Within

Carl Friedrich Gauss
1777 — 1855 - Mathematician, the ‘Prince of Mathematicians'

Measuring a Surface

Carl Friedrich Gauss, the towering mathematician of the early nineteenth century, spent
years on the unglamorous work of land surveying — triangulating the Kingdom of Hanover.
Out of that practical labour came one of the most profound ideas in all of geometry. Gauss
asked: if you were a creature living on a curved surface, unable to step off it into the
surrounding space, could you discover that your world was curved at all?

The intuitive answer is no — surely curvature is something you can only see from outside,
the way we see that a globe is round by looking at it. Gauss proved the opposite. By
carefully measuring distances and angles within the surface itself, an inhabitant could
detect curvature without ever leaving home. On a sphere, the angles of a triangle add up
to more than 180 degrees; the excess is a direct measure of how curved the surface is. No
view from outside is required.

The Theorema Egregium

Gauss defined a precise quantity — now called the Gaussian curvature — that captures
how a surface bends at each point. He computed it first the obvious way, using how the
surface sits in three-dimensional space. Then he proved something he found so
remarkable he named it the Theorema Egregium, the 'Remarkable Theorem': the
curvature depends only on measurements made within the surface, and not at all on how
the surface is embedded in the space around it.

Gaussian curvature

1

K = Kq1 Ky = R1R2

The product of the two principal curvatures —
yet, remarkably, knowable from inside the surface alone.
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Theorema Egregium:
Curvature is intrinsic. A flat map of a curved world must always lie
somewhere.

This is the seed of everything that follows. Gauss had shown that curvature is intrinsic — a
property a space has in its own right, measurable from within, owing nothing to any larger
space it might sit inside. The implication, not lost on Gauss, was staggering: one could
speak of the curvature of our own three-dimensional world without needing a fourth
dimension for it to curve into. Gauss even quietly wondered whether physical space might
be curved, and whether astronomy could measure it. He kept the thought largely to
himself. His student would not be so cautious.
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PART Il

2.3 Lobachevsky and Bolyai

Consistent Impossible Worlds
Nikolai Lobachevsky
1792 — 1856 - Mathematician, Kazan

Janos Bolyai
1802 — 1860 - Mathematician, Transylvania

Choosing to Disbelieve

In the 1820s and 1830s, two men working in obscurity at the edges of Europe — Nikolai
Lobachevsky in Kazan, on the Russian steppe, and the young Hungarian Janos Bolyai —
independently did the unthinkable. Instead of trying once more to prove the fifth postulate,
they assumed it was false and followed the consequences. Through a point off a given
line, they supposed, there passes not one parallel but infinitely many.

By every expectation this should have led to contradiction and collapse. It did not.
Theorem followed theorem, and the structure held together perfectly — a complete,
consistent geometry in which the fifth postulate simply does not hold. Bolyai wrote to his
father in exhilaration that he had 'created a new, another world out of nothing.'
Lobachevsky published a full system of what he called ‘imaginary geometry.' Neither was
believed in his lifetime.

Worlds Where Triangles Shrink

In this new geometry — today called hyperbolic geometry — space behaves as if it were a
saddle stretching in every direction. Parallel lines spread apart. Circles grow faster than
they should. And the angles of a triangle always add up to less than 180 degrees, the
shortfall growing with the triangle's size.

Geometry where the postulate fails
a+B+y < 180°

On a hyperbolic (saddle-shaped) surface the angles fall short.
The deficit is exactly the curvature enclosed.

The lesson was philosophical dynamite. For two thousand years Euclid's geometry had
been regarded not as one possible description of space but as the necessary truth about
space — Kant had built a whole theory of knowledge on the certainty that space must be
Euclidean. Lobachevsky and Bolyai showed that Euclid's was merely one option among
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many, each perfectly consistent. Which one describes our universe was no longer a
question for logic. It had quietly become a question for measurement — for physics.
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PART Il

2.4 Riemann
The Geometry of Any Space

Bernhard Riemann
1826 — 1866 - Mathematician, Géttingen

A Lecture That Changed Geometry

In 1854, a shy and sickly young man named Bernhard Riemann faced an examining
committee at Goéttingen to deliver his habilitation lecture. Custom required him to submit
three possible topics; custom also held that the committee would choose the first. Gauss,
presiding, chose the third — the one on the foundations of geometry — precisely because
he wanted to see what his most gifted student would do with it. What Riemann delivered,
with almost no formulas and in nearly plain language, reshaped geometry forever.

Riemann proposed to free geometry from surfaces sitting inside ordinary space, and from
three dimensions, and indeed from Euclid altogether. A space — he called it a manifold —
could have any number of dimensions, and its geometry would be specified entirely from
within, by a rule for measuring the distance between neighbouring points. Curvature, in
Gauss's intrinsic sense, could then vary from place to place. Space need not be uniformly
flat or uniformly curved; it could ripple and bend differently at every point.

The Metric: Distance as a Field

The heart of Riemann's idea is the metric. At every point of the manifold sits a rule —
encoded in a mathematical object written guv — that tells you how to convert small
coordinate steps into actual distances. Specify this rule everywhere and you have
specified the entire geometry: every length, every angle, every notion of 'straight,' and the
curvature itself. The metric is not a number but a field, taking a possibly different value at
every point in the space.

The line element (the metric)
ds? = g, dx*dx"

The squared distance between neighbouring points.
The metric tensor g sets the ruler afresh at every point of space.

Near the end of the lecture Riemann made a remark that reads, in hindsight, like prophecy.
The geometry of physical space, he suggested, might not be a matter of pure reason at all;
it might be determined by the physical forces and matter within it, something to be
discovered by experiment. He had no theory of gravity, no equations of physics. He had
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simply built the geometry of arbitrary curved spaces and hinted that reality might use it.
Sixty years later, it would. Riemann died of tuberculosis at thirty-nine, never suspecting
how exactly right he had been.
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PART Il

2.5 Ricci and Levi-Civita

A Calculus Indifferent to Coordinates
Gregorio Ricci-Curbastro
1853 — 1925 - Mathematician, Padua

Tullio Levi-Civita
1873 — 1941 - Mathematician, his student

The Problem with Coordinates

To describe any space we lay down coordinates — a grid of labels for points. But
coordinates are arbitrary. Stretch the grid, rotate it, replace it with curved lines, and the
underlying space is unchanged while every coordinate-based quantity scrambles. In flat
space with rigid axes this rarely causes trouble. In a curved space, where no grid can be
straight everywhere, it is fatal: a law of physics that depended on the choice of grid would
not be a law of nature at all, merely a property of the bookkeeping.

Between roughly 1884 and 1900, Gregorio Ricci-Curbastro at the University of Padua,
joined by his brilliant student Tullio Levi-Civita, built the tool that solved this. They called it
the absolute differential calculus — what we now call tensor calculus. A tensor is a
mathematical object defined so that, although its individual components change when you
switch coordinate systems, they change in a precise, lawful way that leaves the underlying
relationships intact. An equation written between tensors, if it holds in one coordinate
system, holds in all of them.

Differentiating in a Curved World

Their deepest construction was a way to take derivatives that respects this principle.
Ordinary differentiation fails in curved space: comparing a vector here with a vector slightly
over there requires moving one to the other, and in a curved space that comparison
depends on the path. Ricci and Levi-Civita defined the covariant derivative, which corrects
ordinary differentiation by accounting for how the coordinate grid itself twists and bends
from point to point. The correction terms are the Christoffel symbols, written I".

The covariant derivative
Vv v v \/A

Differentiation that knows the space is curved.
The I" terms correct for the bending of the coordinates themselves.
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Ricci and Levi-Civita developed all of this as pure mathematics. They were systematising
the geometry of Riemann's manifolds, answering questions internal to mathematics about
invariants and coordinate changes. There was no physics in view, no application beyond
geometry itself. They had built, and polished, and published an entire grammar for doing
calculus on curved spaces — a grammar that would sit, almost unused, waiting for
someone to discover it had a use.
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PART Il

2.6 Connections and Curvature

Straight Lines and the Riemann Tensor
Elwin Bruno Christoffel
1829 — 1900 - Mathematician

Tullio Levi-Civita
1873 — 1941 - Mathematician

What Is a Straight Line in a Curved Space?

In flat space a straight line is the shortest path between two points, and it never turns. In a
curved space nothing is truly straight — but there is still a best candidate: the geodesic,
the straightest possible path, the one that turns as little as the curvature allows. A great
circle on a globe is a geodesic; airline routes follow them. The geodesic is defined by a
condition of 'no turning,' expressed through the same Christoffel symbols that appeared in
the covariant derivative.

The geodesic equation

a?x o dx? dx®

+
ar2 aB dr dr e

The straightest available path through a curved space.
Remember this equation: it will become the law of free fall.

Parallel Transport and the Measure of Curvature

Levi-Civita gave curvature a beautifully concrete meaning through an idea called parallel
transport: sliding a vector along a path while keeping it 'as parallel as possible' to itself. On
a flat plane, carry a vector around any closed loop and it comes back pointing exactly as it
started. On a curved surface, it does not. Walk a vector around a triangle on a globe and it
returns rotated — and the angle of rotation measures precisely the curvature enclosed by
the loop. Curvature is the failure of a vector to come home unchanged.

This failure is captured by the Riemann curvature tensor, the central object of the whole
theory. Built from the Christoffel symbols and their derivatives, it encodes, at every point,
how much and in which directions the space bends. Where it is zero everywhere, the
space is flat, however curved its coordinates may look; where it is nonzero, no choice of
coordinates can ever flatten it.
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The Riemann curvature tensor
R@W = aurec, - avrﬁa + 'r-rr

The complete, coordinate-proof measure of curvature.
Zero everywhere means flat; nonzero means irredeemably curved.

With the Riemann tensor, the mathematics of curved space was, for all practical purposes,
finished. By the first years of the twentieth century a complete and rigorous theory existed:
manifolds of any dimension, metrics defining distance, covariant derivatives, geodesics,
and a tensor that measured curvature in a way no change of coordinates could disturb. It
was a magnificent, self-contained edifice of pure geometry. And it described, as far as
anyone then knew, nothing in particular about the physical world.
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PART Il

2.7 Maxwell

The Speed That Would Not Bend

James Clerk Maxwell
1831 — 1879 - Physicist, Scotland

Light as Electromagnetism

In the 1860s James Clerk Maxwell completed one of the great unifications in the history of
science. He showed that electricity and magnetism are two aspects of a single field,
governed by a compact set of equations. Then he noticed that those equations permitted
waves — ripples in the electromagnetic field propagating through space — and when he
calculated their speed, it came out equal to the measured speed of light. Light, Maxwell
concluded, simply is an electromagnetic wave.

It was a triumph. But buried inside it was a paradox that would take forty years to resolve.
Maxwell's equations did not merely permit light; they fixed its speed at a definite value, the
constant ¢, as a consequence of the basic constants of electricity and magnetism. The
equations said how fast light goes. They did not say relative to what.

A Speed Without a Reference

This was deeply strange. Every other speed in physics is relative: a ball thrown forward on
a moving train travels faster relative to the ground than relative to the train. Newtonian
physics rested on exactly this — velocities add, and there is no absolute standard of rest.
Yet Maxwell's equations seemed to name a speed without naming a frame of reference.
Physicists patched the problem by supposing light travelled through an invisible medium,
the 'luminiferous ether,' which would provide the missing standard of rest. Light moved at ¢
relative to the ether.

The ether was a comfortable idea, and it was wrong. Experiment after experiment failed to
detect any motion of the Earth through it; the most famous, by Michelson and Morley, was
sensitive enough to find the effect and found nothing at all. The speed of light stubbornly
refused to depend on how the observer moved. Either the experiments were flawed, or
something was profoundly mistaken about the Newtonian picture of space and time. It
would take a 26-year-old patent clerk to choose the second option.
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PART Il

2.8 Lorentz and Poincaré

The Transformations of Space and Time

Hendrik Lorentz
1853 — 1928 - Physicist, Leiden

Henri Poincaré
1854 — 1912 - Mathematician, physicist

Saving the Appearances

Hendrik Lorentz, trying to reconcile Maxwell's equations with the failure to detect the ether,
discovered a remarkable set of mathematical substitutions. If one supposed that moving
objects physically contracted along their direction of motion, and that moving clocks ran
slow according to a peculiar 'local time,' then Maxwell's equations would look the same to
every observer, and the ether would become undetectable. Henri Poincaré, the great
French mathematician, refined these transformations, recognised that they formed a
mathematical group, and even named them after Lorentz.

The Lorentz transformation

X = v (x—wvt)

)

VX
2

t = y(t-
C

How one observer's space and time coordinates relate to another's.
Notice that time itself transforms — and mixes with space.

The Factor That Governs Everything

At the centre of these equations sits a single quantity, the Lorentz factor y. It is very nearly
1 for everyday speeds, which is why the effects are invisible in ordinary life — but as the
speed v climbs toward the speed of light c, y swells toward infinity. It is the dial that
controls how severely lengths contract and clocks slow.
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The Lorentz factor

1
V -

2

v
Vi-

As v approaches c, y grows without bound.
This single factor governs time dilation and length contraction.

Lorentz and Poincaré had the mathematics of relativity almost completely in hand. What
they lacked was the courage — or perhaps the recklessness — to take it literally. For them
the contraction and the 'local time' were clever fictions, mathematical devices to preserve
the ether while explaining why it could not be seen. They treated the transformations as a
description of how matter and light behaved within a true, absolute space and time that still
existed underneath. The equations were right. The interpretation was about to be

overturned entirely.
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PART Il

2.9 Einstein, 1905

Special Relativity

Albert Einstein
1879 — 1955 - Physicist, then a patent clerk in Bern

Two Postulates

In 1905, working in his spare hours as a clerk in the Swiss patent office, Albert Einstein cut
through the confusion with a single decisive move. He stopped trying to save the ether and
instead took two simple principles as absolutely true. First: the laws of physics are the
same for all observers in uniform motion — no one is privileged, there is no absolute rest.
Second: the speed of light in empty space is the same for every observer, regardless of
how the source or the observer moves. The second principle was exactly the strange fact
that had so troubled everyone else. Einstein simply accepted it and asked what followed.

What followed was the demolition of absolute time. If light has the same speed for
everyone, then observers in relative motion must disagree about whether two distant
events happen at the same time. Simultaneity is not absolute; it depends on who is asking.
Moving clocks really do run slow, and moving objects really are shorter — not as fictions
hiding an ether, but as genuine features of how time and space relate. Lorentz's
transformations were correct, but they described reality itself, not adjustments to a hidden
absolute frame.

Mass and Energy

A few months later Einstein drew out a further consequence almost as an afterthought. If a
body emits energy, it loses mass in proportion. Mass and energy are not separate things
but two measures of one quantity, convertible into each other through the square of the
speed of light.

Mass is energy

E = mc?

Energy and mass are the same quantity in different units;
c?is merely the exchange rate between them.

Special relativity was complete, and it was beautiful — but it was still, in a sense, a theory
set on a flat stage. It described a world without gravity, in which space and time, though
now intertwined, were uniform and unchanging. Einstein knew this was unfinished.
Newton's gravity, with its instantaneous pull across space, was flatly incompatible with the
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new principle that nothing outruns light. Repairing that incompatibility would consume the
next ten years of his life — and would require, though he did not yet know it, the curved
geometry of Riemann.
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PART Il

2.10 Minkowski

Spacetime as Geometry

Hermann Minkowski
1864 — 1909 - Mathematician, Géttingen

Union of Space and Time

In 1908 Hermann Minkowski — who had, years earlier, been one of Einstein's
mathematics professors and remembered him as a 'lazy dog' — gave relativity the
geometric form it had been waiting for. Einstein had shown that space and time
measurements mix together for moving observers. Minkowski saw what this really meant:
space and time are not two separate things but a single four-dimensional continuum,
spacetime, of which different observers simply take different three-plus-one-dimensional
slices.

'Henceforth," Minkowski announced in a famous lecture, 'space by itself, and time by itself,
are doomed to fade away into mere shadows, and only a kind of union of the two will
preserve an independent reality." Each event — a point in space at a moment in time — is
a single point in spacetime. The history of a particle is a curve through it, a worldline.

The Invariant Interval

Observers disagree about distances in space and intervals in time. But Minkowski found
one quantity they all agree on: the spacetime interval between two events. It looks almost
like the Pythagorean distance of ordinary geometry, but with a crucial, world-altering minus
sign in front of the time term.

The spacetime interval

2 = _ 22 2 2

s + x2 + y? + z

The one separation all observers agree on.
The minus sign on time is the entire difference between space and spacetime.

Minkowski's verdict:
Space by itself and time by itself are doomed to fade into mere
shadows of spacetime.

This was a geometry — but a flat one, with a fixed metric (called the Minkowski metric,
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written n) that is the same at every point. And here the two great streams of our story
finally come within sight of each other. Minkowski had recast physics as the geometry of a
four-dimensional space with a definite metric. Riemann had built the mathematics of
spaces whose metric can vary from point to point and curve. The obvious question hangs
in the air: what if the metric of spacetime were not fixed and flat, but variable and curved?
What would such curvature do — and what would cause it? The answer is gravity.
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PART Il

2.11 The Equivalence Principle
The Happiest Thought

Albert Einstein
1879 — 1955 - Physicist, Bern and Berlin

A Man in Free Fall

Einstein later called it the happiest thought of his life. Sitting in the patent office in 1907, he
realised that a person falling freely from a roof would not feel their own weight. In free fall,
gravity simply vanishes from experience — a falling person, and everything falling
alongside them, floats as if no gravity were present at all. We have all seen this now in
footage of astronauts, who are not beyond gravity but in perpetual free fall around the
Earth.

From this Einstein extracted a principle of startling depth: locally, in a small enough region,
the effects of gravity are completely indistinguishable from the effects of acceleration.
Standing on the Earth feels exactly like standing in a rocket accelerating through empty
space. Floating in orbit feels exactly like floating in deep space. There is no experiment,
confined to a small enough laboratory, that can tell gravity from acceleration apart. This is
the equivalence principle.

Gravity Is Not a Force

The consequences are radical. If free fall feels like no gravity, then free fall — not rest on
the ground — is the natural, force-free state of motion. The apple is not being pulled; it is
coasting freely. What requires explanation is not why the apple falls but why the ground
pushes up on us, constantly accelerating us away from the path we would naturally take.
Gravity, Einstein concluded, is not a force acting on objects. It is a property of the arena in
which they move.

And there was a clue to the arena's nature. The equivalence principle implies that gravity
bends the path of light, since light crossing an accelerating laboratory follows a curved
track. But light, by its nature, always takes the straightest available path. If light's path is
bent, it cannot be that light is failing to go straight — it must be that 'straight’ itself has been
bent. The geometry through which light travels must be curved. Einstein now knew what
kind of theory he needed. He did not yet know the mathematics. For that, he would have to
ask for help.
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PART Il

2.12 Grossmann

“I Need Mathematics!”
Marcel Grossmann
1878 — 1936 - Mathematician, Zlirich

Albert Einstein
1879 — 1955 - Physicist

An OIld Friend

By 1912 Einstein was convinced that gravity was the curvature of spacetime, but he was
stuck. He had the physical idea and none of the mathematical equipment to express it. He
turned to his old classmate from his student days in Zurich, Marcel Grossmann — the
same friend whose lecture notes had rescued Einstein, who had skipped class, at exam
time. 'Grossmann,' he pleaded, 'you must help me or else I'll go crazy.'

Grossmann, now a professor of mathematics, went to the literature and came back with an
answer that must have seemed almost too convenient: the precise tools Einstein needed
already existed. The geometry of curved spaces had been worked out by Riemann; the
calculus for computing with it, coordinate-independently, had been built by Ricci and
Levi-Civita. Einstein, who had once dismissed advanced mathematics as superfluous
luxury, now had to learn the absolute differential calculus from scratch. He found it brutally
hard and called the struggle with it the most strenuous of his life.

The Language Was Ready

This is the pivot of the entire book. Einstein did not invent the mathematics of general
relativity. He discovered that it had already been invented — decades earlier, by people
pursuing pure geometry with no thought of physics. The metric tensor that would describe
the gravitational field was Riemann's. The curvature tensor that would encode how
spacetime bends was Riemann's. The covariant derivatives and coordinate-proof
equations that would let the laws of physics hold in any frame were Ricci and Levi-Civita's.

The parallel:

Riemannian geometry preceded general relativity as Hilbert space
preceded quantum mechanics.

It is the same astonishing pattern that runs through the first volume of this series. There,
the infinite-dimensional geometry of Hilbert space was built by mathematicians years
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before physicists discovered that quantum mechanics is written in it. Here, the geometry of
curved manifolds was built before physicists discovered that gravity is written in it. Twice
over, mathematicians chasing abstract beauty handed physics the exact language it would
need, gift-wrapped and waiting. Einstein and Grossmann published their 'Outline' of the
theory in 1913. The final equations were still two years and many wrong turns away.
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PART Il

2.13 The Field Equations

Curvature Equals Matter

Albert Einstein
1879 — 1955 - Physicist, Berlin

David Hilbert
1862 — 1943 - Mathematician, Géttingen

The Race to November 1915

Through the autumn of 1915 Einstein closed in on the final equations in a sprint he later
remembered as the most intense work of his life — presenting four separate revisions to
the Prussian Academy in the month of November alone. On 18 November, with the
equations not yet in their final form, he turned them on a famous unsolved anomaly: the
slow extra precession of Mercury's orbit, which Newtonian gravity had never been able to
account for. His theory yielded 43 arcseconds per century, matching the astronomers'
measurement almost exactly. Einstein knew then that he was physically right, even before
the formalism was complete.

And he was not working alone. David Hilbert, among the most powerful mathematicians of
the age, had grown fascinated by gravitation and was pursuing the same goal from the
side of pure mathematics, deriving the equations from an elegant variational principle. On
20 November Hilbert submitted his paper to the Gottingen Academy; five days later, on 25
November, Einstein presented the field equations in their final, generally covariant form.
The near-simultaneity has fuelled a century of argument over priority — and Hilbert revised
his own paper before its 1916 publication to align with Einstein's result. But the essentials
are not seriously disputed: Hilbert supplied deep mathematical structure and the variational
method, while Einstein supplied the physical theory, its interpretation, and the completed
equations that rightly bear his name.

The Equation of the Universe

The result is one of the most consequential equations ever written. On one side stands a
tensor built entirely from the curvature of spacetime — Riemann's geometry, distilled. On
the other stands the tensor describing all the matter and energy present. The equals sign
between them is the whole theory: matter and energy curve spacetime, and that curvature
is what we experience as gravity.
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The Einstein field equations

8mG

Guv wr /\guv = c Tpv

Curvature on the left; matter and energy on the right.
Geometry tells matter how to move; matter tells geometry how to curve.

The left-hand Einstein tensor G is assembled from the curvature quantities we met earlier
— contractions of Riemann's tensor — guaranteeing that the equation holds in every
coordinate system, exactly as tensor calculus demands. The term with A, the cosmological
constant, Einstein added to allow a static universe and later called his greatest blunder;
today it has returned to describe the universe's accelerating expansion. The right-hand T is
the stress-energy tensor, the complete inventory of matter and energy at each point.

The Einstein tensor, unpacked
_ 1
Guv - va_ 2 ngv

Built from the Ricci curvature tensor and scalar —
and so, ultimately, from Riemann's curvature alone.

And now recall the geodesic equation from Part IIl — the straightest path through a curved
space, written down by geometers with no thought of physics. In general relativity that
equation becomes the law of motion: a body in free fall simply follows a geodesic of curved
spacetime. The planet does not feel a force from the Sun; it coasts along the straightest
available path through the spacetime the Sun has curved. John Wheeler later compressed
the whole theory into a sentence: spacetime tells matter how to move; matter tells
spacetime how to curve.
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PART Il

2.14 The Geometry Was Already There

What Was Actually Discovered

A Theory Found, Not Built

Step back and look at the whole arc. The struggle to prove Euclid's fifth postulate failed —
and that failure gave birth to non-Euclidean geometry. Gauss showed curvature could be
measured from within a space. Riemann generalised this to spaces of any dimension with
a metric that could vary and curve. Ricci and Levi-Civita built the calculus to compute with
such spaces in any coordinates. Not one of these advances was made with gravity in
mind. They were pure mathematics, pursued for its own sake, over the better part of a
century.

Then physics, arriving from an entirely different direction — from the puzzle of light's
constant speed, through special relativity, through Minkowski's spacetime and Einstein's
equivalence principle — found that it needed exactly this geometry and no other. The
language of gravitation had been written down before there was anything to say in it.
Einstein's genius was not to invent the mathematics but to recognise, against every prior
instinct of physics, that reality was geometric and that the geometry already existed.

The recurring miracle:
Mathematics built for its own sake keeps turning out to be the
language physical reality is written in.

This is the same pattern that closed the first book in this series, and it is worth naming
plainly because it recurs so often that it cannot be coincidence. Complex numbers,
invented to solve unsolvable equations, became the language of quantum amplitudes.
Hilbert space, built to study integral equations, became the arena of quantum mechanics.
Riemannian geometry, born from a quarrel about parallel lines, became the structure of
gravity and the cosmos. Again and again, mathematicians exploring abstract worlds for the
pleasure of it have returned with the precise tools physics would later, urgently, require.

Why this should be so is among the deepest open questions there is — the 'unreasonable
effectiveness of mathematics,' as the physicist Eugene Wigner called it. We have no
agreed answer. But the historical fact is undeniable, and this book has traced one of its
clearest instances: the road from Euclid's uneasy fifth postulate to the curved spacetime of
Einstein, a road built entirely by mathematics before physics ever set foot on it.
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PART Il

2.15 Black Holes, Waves, and the Cosmos
What the Equations Foretold

Karl Schwarzschild
1873 - 1916 - Physicist, astronomer

Black Holes

Within weeks of Einstein publishing his equations, Karl Schwarzschild — serving on the
Russian front in the First World War — found their first exact solution, describing the
spacetime around a spherical mass. It contained a shock: if a mass were compressed
within a certain critical radius, the curvature would become so extreme that spacetime
would close over it, allowing nothing, not even light, to escape. Schwarzschild died of
illness months later; the object he had described, long dismissed as a mathematical
curiosity, is what we now call a black hole.

The Schwarzschild radius

2GM

c

Compress a mass within this radius and spacetime closes over it.
For the Sun it is about 3 km; for the Earth, about 9 mm.

Ripples in Spacetime

Einstein's equations also predicted that violent motions of mass should send ripples of
curvature propagating outward at the speed of light — gravitational waves, stretching and
squeezing space itself as they pass. The effect is so minuscule that Einstein doubted it
could ever be detected. In September 2015, almost exactly a century after the field
equations, the LIGO detectors registered a wave from two black holes colliding a billion
light-years away, distorting their four-kilometre arms by less than the width of a proton. The
geometry of Riemann had been heard.

The Expanding Universe

Applied to the universe as a whole, the equations refused to sit still: they predicted that
space itself must be expanding or contracting, never static. Einstein resisted this with his
cosmological constant, then abandoned the constant when Edwin Hubble observed the
galaxies flying apart. From those same equations came the Big Bang, the bending of
starlight by the Sun confirmed in 1919, the slowing of clocks in gravitational fields that your
satellite-navigation system must correct for every second, and the accelerating cosmic
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expansion that has brought the cosmological constant back from exile.

All of it — the black holes, the waves, the expanding cosmos, the corrections in the phone
in your pocket — flows from a single idea: that gravity is the curvature of spacetime,
expressed in a geometry that mathematicians had finished long before. We set out to
follow a force and discovered there was no force, only shape. We never left the falling
apple of the prologue. We learned, instead, that it was never being pulled — that it was
coasting, all along, on the straightest path through a universe whose true form is curved.
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PART Il

The Invisible Stage

Functions become a space. Once functions are given length and angle they become points
in an infinite-dimensional geometry — the invisible stage of quantum mechanics, and the

place where the old imaginary numbers finally come into their own.
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3.1 Newton and Leibniz

Motion Becomes Calculus

Isaac Newton
1643 — 1727 - Natural philosopher, mathematician

Gottfried Wilhelm Leibniz
1646 — 1716 - Mathematician, philosopher

The Problem of Continuous Change

For most of human history, mathematics dealt with fixed quantities — the length of a line,
the area of a field, the count of objects. But the natural world is not fixed. Planets
accelerate. Temperatures fall. Populations grow. The central question of
seventeenth-century science was this: can mathematics describe motion itself, not just
position?

Isaac Newton and Gottfried Wilhelm Leibniz, working independently and in fierce dispute
over priority, both answered yes. They invented — or discovered, depending on one's
philosophy — the calculus: a mathematics of continuous change.

Derivatives: Instantaneous Change

The derivative of a function at a point captures how fast the function is changing at that
instant. Newton called these quantities fluxions; Leibniz wrote them as ratios — dy/dx — a
notation so intuitive that it became universal. The key insight was that an instantaneous
rate of change could be computed as the limit of average changes over smaller and
smaller intervals.

The derivative

f(x+h) = f(x)

P =limp o

The rate of change of f at the point x.
This innocent-looking formula conceals a profound subtlety: dividing by h and then letting h
approach zero seems to require division by zero. Newton and Leibniz both handled this

informally, relying on geometric intuition. The rigorous treatment would have to wait for
Cauchy.
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Integrals: Accumulation

The integral reverses the derivative. Where the derivative asks how fast a quantity
changes at a point, the integral asks how much total change accumulates over an interval.
Newton's fundamental theorem of calculus — perhaps the most important theorem in all of
mathematics — showed that differentiation and integration are inverse operations.

The Fundamental Theorem of Calculus

o Jimnat =10

Integration and differentiation undo each other.

The deeper significance, which would only become clear over the following two centuries,
is that the integral defines an inner product — a way of measuring how alike two functions
are. That concept is the seed of Hilbert space. Newton and Leibniz planted it without
knowing what would grow.

First Glimpse of Continuous Infinity

Both Newton's power series and Leibniz's summation notation implied an extraordinary
thing: that an infinite sum of terms could converge to a finite, meaningful answer. The idea
that infinity could be tamed — could be made to yield sensible numbers — was as radical
as it was useful. It opened the door to a mathematics where functions themselves could be
decomposed into infinite collections of simpler pieces, and where those collections could
be studied as geometric objects in their own right.
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3.2 Cauchy

The Need for Rigor

Augustin-Louis Cauchy
1789 — 1857 - Mathematician, founder of analysis

The Crisis of Infinitesimals

By the early nineteenth century, calculus had been spectacularly successful. It described
the orbits of planets, the flow of heat, the vibration of strings. But its foundations were, in
the words of the philosopher Berkeley, built on 'ghosts of departed quantities." Nobody
could say precisely what a limit was, what an infinitesimal meant, or under what conditions
an infinite series could be trusted to converge.

Augustin-Louis Cauchy set out to fix this. In his lectures at the Ecole Polytechnique in
Paris, he reformulated the entire subject from scratch, replacing geometric intuition with
precise logical criteria. His approach introduced the language that mathematicians still use
today.

Limits: The Epsilon-Delta Definition

The central innovation was the epsilon-delta definition of a limit. Instead of saying that f(x)
'‘approaches' L as x 'approaches' a — vague metaphors that had caused centuries of
confusion — Cauchy gave a precise condition: for every positive number epsilon, no
matter how small, there exists a positive delta such that whenever x is within delta of a, f(x)
is within epsilon of L.

Cauchy's limit definition

lim, _, ofix)=L means: foralle>0, thereexists >0
suchthat |x—a|<d® implies |f(x)-L|<¢g

Precision replacing intuition.

This definition transformed analysis from an art into a science. It became possible to prove
theorems rather than merely assert them — to verify that infinite processes behaved as
expected, rather than hope.
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Sequences, Series, and Convergence

Cauchy applied his new rigor to sequences and series — the infinite sums that calculus
had used so freely. He defined convergence precisely: a sequence converges if its terms
eventually cluster within any prescribed distance of some fixed limit. A series converges if
its partial sums converge.

Crucially, Cauchy proved that a sequence converges if and only if its terms become
arbitrarily close to each other — the Cauchy criterion. This criterion does not require
knowing the limit in advance. It says: a sequence is convergent if it is internally consistent.
This idea — that convergence is a property of the sequence itself, not of any external
target — becomes the definition of completeness, the foundational property of Hilbert
space.

Cauchy criterion (precursor to completeness)
A sequence {x,} converges if and only if:
for all € > 0, there exists N such that

[Xm — x| <€ forallm,n> N.

Cauchy's work made precise what it means for an infinite process to settle down. In doing
so, it laid the logical groundwork for every space of functions that would follow. Hilbert
spaces are, among other things, spaces in which every Cauchy sequence converges —
where no sequence can get 'stuck’' heading toward a limit that does not exist in the space.
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3.3 Fourier

Heat Becomes Frequency

Joseph Fourier
1768 — 1830 - Mathematician, physicist

The Heat Equation

In 1807, Joseph Fourier submitted a paper to the French Academy of Sciences containing
an audacious claim: that any function describing the initial temperature distribution along a
metal bar could be expressed as an infinite sum of sine and cosine waves — each
oscillating at a different frequency. The Academy's reviewers, including Lagrange, were
skeptical. Lagrange himself had proved, or thought he had proved, that this was
impossible for discontinuous functions. Fourier disagreed, and he was right.

The motivation was the heat equation — a partial differential equation describing how
temperature diffuses through a solid body over time. Fourier showed that if the initial
temperature distribution could be written as a sum of sinusoids, then each sinusoidal
component evolved independently and simply, decaying exponentially at a rate determined
by its frequency. The problem of heat diffusion decomposed into infinitely many
independent one-frequency problems.

Fourier series

f(x) = 620 + Z,‘l,°=1 [ a, cos(nx) + b, sin(nx) ]

Any periodic function as a superposition of waves.
Each frequency contributes independently.

Decomposition into Waves

The Fourier coefficients — the amplitudes a, and b, of each frequency — are computed by
integration. Specifically, they are inner products of the function with each sinusoidal basis
function. Fourier showed that sine and cosine functions of different frequencies are
orthogonal: their inner product is zero. This is not a coincidence. It is the same
orthogonality that makes the X, y, z axes of physical space independent of each other.

In other words, Fourier had discovered that functions form a geometric space, and that
sinusoids are the coordinate axes of that space. He did not say this in these terms — the
language of Hilbert space did not yet exist. But every element of that future theory is
present in his work: orthogonality, inner products, basis decomposition, completeness.
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Fourier coefficients via inner product

ap= :r [ f(x) cos(nx) dx

b, 111 | f(x) sin(nx) dx

The geometry of functions: projection onto axes.

Hidden Structure of Functions

Fourier's insight revealed something profound: every function carries a hidden frequency
portrait. The Fourier transform — the generalization of Fourier series to non-periodic
functions — maps a function from its 'position' representation to its ‘frequency’
representation. Both representations describe the same object. They are two different
coordinate systems in the same function space. This duality will reappear in quantum
mechanics as the relationship between position and momentum — and the uncertainty
principle will be a theorem about these two coordinate systems.
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3.4 Euler

The Circle Hidden in Growth

Leonhard Euler
1707 — 1783 - Mathematician — perhaps the most prolific in history

Complex Numbers and the Imaginary Axis

The square root of minus one had been a mathematical embarrassment for centuries. It
could not be a real number. It did not correspond to any length, area, or quantity that one
could point to. Yet it appeared unavoidably in the solutions of polynomial equations, and
refusing to use it meant leaving those equations half-solved. René Descartes coined the
dismissive term 'imaginary' in 1637, meaning it to sting — but the name stuck, and the
concept proved indispensable.

Leonhard Euler, who worked on almost every branch of mathematics with extraordinary
prolificacy, understood complex numbers geometrically: as points in a two-dimensional
plane, where the horizontal axis is the familiar real line and the vertical axis is the
imaginary axis. Multiplication by i — by the square root of minus one — corresponds to
rotation by ninety degrees. This geometric interpretation transformed the imaginary from
an embarrassment into a tool.

The Exponential Function

The exponential function ex is the unique function that equals its own derivative. This
property makes it the natural language of growth, decay, and oscillation. Euler extended
the exponential to complex arguments by using its power series — the infinite polynomial
expansion that Cauchy would later justify rigorously. The result was astonishing.

Euler's Formula
iX _ 5 .
e”"=cosxtisinx

Exponential growth in the imaginary direction = rotation.
The circle is hidden inside the exponential.

This identity — Euler's formula — connects four of the most important constants in
mathematics: e (the base of the natural logarithm), i (the imaginary unit), sin and cos (the
functions of circular geometry). It says that rotating in the complex plane is the same as
taking an exponential with an imaginary exponent. Growth and rotation are the same thing,
seen from two different angles.
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Euler's Identity

Setting x = pi in Euler's formula yields the identity that has been called the most beautiful
equation in mathematics. But the beauty is more than aesthetic. It encodes a deep
structural fact: the complex exponential is periodic. After rotating a full circle — after x
increases by 2m — the exponential returns exactly to its starting point. This periodicity is
precisely what makes complex exponentials the natural basis functions for Fourier
analysis.

Euler's Identity
em™+1=0

e, i, m, 1, and 0 — five constants, one equation.
Rotation by m in the complex plane: landing on —1.

Euler's formula transforms Fourier series into a single compact expression: instead of
separate sines and cosines, one writes complex exponentials. This is not merely notational
convenience. It reveals that Fourier basis functions are one-dimensional rotations — and
that the Fourier transform is, geometrically, a change of coordinates from position to
rotation angle. When quantum mechanics later describes the evolution of a quantum state
as rotation in Hilbert space, it is using Euler's formula as its engine.
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3.5 Riemann and Cantor

Infinite Structures

Bernhard Riemann
1826 — 1866 - Mathematician — geometry, analysis, number theory

Georg Cantor
1845 - 1918 - Mathematician — founder of set theory

Riemann: Geometry Beyond Intuition

Bernhard Riemann's 1854 habilitation lecture, 'On the Hypotheses which lie at the
Foundations of Geometry,' is one of the most consequential documents in mathematical
history. In it, Riemann proposed that geometry need not be confined to the flat
three-dimensional space of everyday experience. One could imagine spaces of any
number of dimensions, with any rule for measuring distance. The angle of a triangle might
not sum to 180 degrees. Space might be curved. And the tools of calculus — derivatives,
integrals — could be extended to describe all of it.

Riemann also extended the concept of the integral. The Riemann integral — defined as
the limit of sums of thin rectangular strips — gave a precise meaning to the area under a
curve for a broad class of functions. This extended the inner product to a wider universe of
functions, each of which could be thought of as a point in an abstract space. The geometry
of that space was beginning to emerge.

Cantor: Sets, Infinity, and the Uncountable

Georg Cantor created set theory almost single-handedly, and in doing so revealed that
infinity is not a single thing — it comes in sizes. The integers are infinite, but their infinity is
smaller than the infinity of the real numbers. Between any two real numbers there are
uncountably many others. Cantor proved this with his famous diagonal argument: any
attempt to list all real numbers must leave infinitely many out.

For the theory of function spaces, Cantor's work had a crucial implication: the space of all
continuous functions on an interval is an uncountably infinite collection. Any 'basis' for this
space — any set of simple functions from which all others can be built — must involve
infinitely many elements. This is not a defect. It is the defining characteristic of
infinite-dimensional geometry, and it is what makes Hilbert space both necessary and rich.
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Cantor's diagonal argument (sketch)

Assume reals in [0,1] can be listed: rq, o, 13, ...
Construct d: d,, differs from the n-th digit of r,.

Then d is not in the list. The reals are uncountable.

54



THE INVISIBLE MATHEMATICS
How pure thought so often arrives early

PART Ill

3.6 Hilbert

The Discovery of Function Space

David Hilbert
1862 — 1943 - Mathematician — the dominant figure of his era

Functions as Vectors

David Hilbert's work on integral equations in the early twentieth century crystallized the
insight that had been implicit in Fourier's work: functions behave like vectors. Just as a
vector in three-dimensional space can be described by three numbers (its components
along three perpendicular axes), a function on an interval can be described by infinitely
many numbers — its Fourier coefficients, its projections onto an infinite orthogonal basis.

Functions as vectors — the core analogy

3D vector: v=ae;+bes+ce;

Function: f= Z Cn ©n(x)

Coefficients replace components. Basis functions replace axes.

Inner Products and Orthogonality

The inner product of two functions f and g is the integral of their product over the relevant
domain. This is the precise analogue of the dot product of two vectors in ordinary space.
When the inner product of two functions is zero, they are orthogonal — they carry
independent information, just as the x and y axes of a plane carry independent
coordinates.

Inner product of functions
(f, 9) = [ f(x) g(x) dx
Orthogonality: (f, g) =0

Norm: lIfl = V(f, f
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Completeness

A Hilbert space is a vector space equipped with an inner product that is complete — in
Cauchy's sense. Every sequence of functions that converges in the sense of the inner
product norm must converge to a function that is already in the space. No sequence can
escape to the boundary and find the limit missing. This completeness property is what
makes Hilbert spaces geometrically well-behaved and mathematically powerful.

The key example is L2 the space of square-integrable functions — functions f such that
the integral of 2 is finite. This space contains all physically reasonable wave functions, all
Fourier series with square-summable coefficients, and all states of a quantum system. It is
the invisible space in which physics actually lives.

Hilbert space L?

All functions fsuch that [ |f(x)|? dx < .
Complete: every Cauchy sequence converges inside the space.
Infinite-dimensional: geometry without a finite number of axes.
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PART Ill

3.7 Schrodinger

Waves of Matter

Erwin Schrodinger
1887 — 1961 - Physicist — Nobel Prize 1933

The Wavefunction

In 1926, Erwin Schroédinger proposed that particles — electrons, protons, atoms — are not
point-like objects moving along definite trajectories. They are waves. But waves in what
medium? Not in physical space. The wave — the wavefunction, denoted psi — is a
complex-valued function that encodes all the information about the state of the system.
The square of its magnitude at any point gives the probability of finding the particle there.

Probabilistic interpretation (Born rule)

Probability of finding particle in region [a, b]:

P=I§ |w(x)|* dx

The wavefunction is not a wave in space — it is a wave of probability.

The Schrodinger Equation

The wavefunction evolves in time according to the Schrodinger equation — a partial
differential equation that is formally very similar to the equations Fourier had studied for
heat and wave propagation. The key difference is the factor of i — the imaginary unit —
which converts exponential decay into oscillation. Where the heat equation damps out
fluctuations, the Schrodinger equation preserves them, rotating the wavefunction in the
complex plane.

Time-dependent Schrodinger equation

oy _ -
in o =Huy

H is the Hamiltonian (energy operator).
i turns decay into oscillation — energy becomes rotation.

The solutions to the Schrédinger equation are elements of L2 — square-integrable complex
functions. Schrédinger's theory was, implicitly, a theory of states in Hilbert space, though
Schrédinger himself did not initially frame it that way. He thought he was writing a theory
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about real waves in ordinary space. He was wrong, and the correction would require von
Neumann.
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3.8 Heisenberg

Reality as Algebra

Werner Heisenberg
1901 - 1976 - Physicist — Nobel Prize 1932

Matrices Instead of Waves

In 1925 — one year before Schrddinger's equation — Werner Heisenberg had proposed a
completely different formulation of quantum mechanics. Instead of wavefunctions, he
worked with observables: measurable quantities like position, momentum, and energy. He
represented each observable not as a number but as a matrix — an infinite array of
numbers — and the act of measurement as multiplication by that matrix.

Heisenberg's matrices did not commute. Multiplying the position matrix by the momentum
matrix gave a different result than multiplying in the reverse order. This was shocking. In
classical physics, the product of two quantities does not depend on the order of
multiplication. But Heisenberg's calculation matched the experimental data precisely.

Heisenberg commutation relation
xp—px=inhl

Position and momentum do not commute.
This non-commutativity is the source of the uncertainty principle.

Observables Instead of Trajectories

Heisenberg's formulation replaced the question 'where is the particle?' with the question
'‘what will the measurement return?' There are no trajectories, no paths through space —
only probability distributions over possible measurement outcomes. A quantum system
does not have a definite position and momentum simultaneously; it has a state that
assigns probabilities to every possible outcome of every possible measurement.

This formulation seemed utterly different from Schrodinger's — wavefunctions versus
matrices, continuous functions versus discrete arrays. Many physicists assumed the two
theories were rivals, or at least fundamentally distinct. They were wrong.
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3.9 Dirac

The Language of States

Paul Dirac
1902 — 1984 - Physicist — Nobel Prize 1933, creator of bra-ket notation

Abstract State Vectors

Paul Dirac saw that the argument between Schrédinger and Heisenberg was a notational
dispute — both were computing the same underlying quantities, using different
representations of the same abstract mathematical objects. Dirac introduced a notation
that made the abstraction explicit: the bra-ket notation, which treats quantum states as
abstract vectors without committing to any particular representation.

Dirac bra-ket notation

|w) — a ket: an abstract state vector
(p| — abra: the dual of a state vector
(p|w) — the inner product of two states

No coordinates. Pure geometry.

In Dirac's notation, |y) is an abstract state that exists in Hilbert space. If you choose to
represent it in position space, it becomes Schrédinger's wavefunction. If you represent it in
energy space, it becomes Heisenberg's matrix row. The state is not its representation — it
is the underlying geometric object of which representations are projections.

Operators and Measurements

In Dirac's framework, observables — position, momentum, energy — are linear operators
on the Hilbert space: functions that map state vectors to state vectors. A measurement is
the application of an operator. The possible outcomes of a measurement are the
eigenvalues of the operator, and the probability of each outcome is determined by the
projection of the state onto the corresponding eigenvector.

Measurement as eigenvalue equation

Alwn =N, |lwp)

A is the observable operator, A, are measurement outcomes,
|w,) are the eigenstates.
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3.10 von Neumann

The Invisible Space Revealed

John von Neumann
1903 — 1957 - Mathematician, physicist — universal genius

The Mathematical Foundations of Quantum Mechanics

In 1932, John von Neumann published Mathematische Grundlagen der Quantenmechanik
— the Mathematical Foundations of Quantum Mechanics. In it, he gave the first complete,
rigorous mathematical account of quantum theory, grounding it firmly in the theory of
Hilbert spaces that Hilbert had developed for integral equations. Von Neumann proved that
every quantum system could be described by a separable Hilbert space — one with a
countable basis — and that all observables corresponded to self-adjoint operators on that
space.

Unifying Schrodinger and Heisenberg

Von Neumann's central theorem was the unitary equivalence of Schrédinger's and
Heisenberg's formulations. Both are representations of the same abstract Hilbert space.
Schrddinger's wavefunction is the state vector in the position basis; Heisenberg's matrices
are the same operators written in the energy basis. Changing between them is a unitary
transformation — a rotation in Hilbert space — that preserves all inner products and all
probabilities.

Von Neumann's unification
Schrodinger y(x) = position representation of |y)
Heisenberg M,,,, = energy representation of operator M

Same Hilbert space. Different coordinate systems.

Changing coordinates = unitary transformation.

This was the completion of a centuries-long arc. Newton had defined the derivative.
Fourier had decomposed functions into frequencies. Hilbert had turned functions into
geometry. Schrodinger and Heisenberg had written physics in function space without
knowing it. And von Neumann showed that there was only one space — abstract,
infinite-dimensional, invisible — and that all the competing theories were different views of
the same geometry.

61



THE INVISIBLE MATHEMATICS
How pure thought so often arrives early

The central realization:

Different theories were different coordinate systems in the same
abstract Hilbert space. There is one invisible space. Physics lives in it.
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3.11 Position and Momentum

as Dual Spaces

The Fourier Transform as Change of Basis

In Hilbert space, the position basis and the momentum basis are two complete
orthonormal sets — two sets of coordinate axes that span the same infinite-dimensional
space. The Fourier transform is the unitary operator that converts between them: it takes
the wavefunction expressed in position coordinates and returns it expressed in momentum
coordinates. Both representations carry exactly the same information, encoded in different
'languages.’

Fourier transform: position to momentum

®(p) [w(x) e dx

" J2mh

lo(p)|? = probability density for momentum p
@ is W written in momentum coordinates.

The Uncertainty Principle as Geometry

Heisenberg's uncertainty principle — that position and momentum cannot both be
precisely known simultaneously — is a theorem in Fourier analysis. A function that is
highly localized in position (concentrated near a single point) must have a Fourier
transform that is spread out over many frequencies (many momentum values).
Conversely, a state with a definite momentum is a pure sinusoid — completely delocalized
in position.

Heisenberg uncertainty principle

0x0p2 .

Spread in position x spread in momentum = h/2.
A theorem about Fourier transforms, not a limitation of instruments.

The uncertainty principle is not a statement about the clumsiness of measurement. It is a
statement about the geometry of Hilbert space: position and momentum are related by a
Fourier transform, and a function cannot be simultaneously narrow in both a function and
its Fourier transform. The universe is uncertain not because our instruments are imperfect,
but because position and momentum are conjugate coordinates in the same abstract
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space.
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3.12 Euler's Formula

as the Engine of Quantum Motion

The Time Evolution Operator

The Schrddinger equation has a formal solution: given the state of a system at time zero,
the state at time t is obtained by applying the time evolution operator U(t) = e”(-iHt/h),
where H is the Hamiltonian. This is a complex exponential — Euler's formula — applied to
an operator. The result is a rotation in Hilbert space.

Quantum time evolution
lw(t) = Uw(0)) where U(t) = ™M

U(t) is unitary: it preserves the norm of the state.
Quantum evolution = rotation in Hilbert space.

The unitarity of the time evolution operator — the fact that it preserves inner products and
norms — is what ensures that total probability is conserved. A state remains normalized
(total probability equals one) as it evolves. Rotation does not shrink or stretch; it merely
changes direction. Physical reality is a curve on the unit sphere of an infinite-dimensional
Hilbert space, tracing its path under the action of Euler's formula.

Phase and Interference

Euler's formula also explains the phenomenon of quantum interference. When two paths
through a quantum system are available to a particle, the wavefunction accumulates a
complex phase along each path. The phases are complex numbers of the form e’(ip).
When the two paths recombine, the phases may add (constructive interference, high
probability) or cancel (destructive interference, low probability). This is the mechanism
behind the double-slit experiment, behind diffraction, and behind the operation of quantum
computers.
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3.13 Quantum Computing

Computation in Invisible Spaces

Qubits as Vectors

A classical bit is either 0 or 1. A quantum bit — a qubit — is a unit vector in a
two-dimensional Hilbert space. It can be written as a|0) + 3|1), where alpha and beta are
complex numbers satisfying |a|?> + |B|? = 1. The state is a superposition: not 0 or 1, but a
weighted combination of both, with complex amplitudes that encode both magnitude and
phase.

Qubit state

W) = al0) + BI1), |af® + |B* =1

a, B are complex numbers.
The qubit lives on the Bloch sphere — unit sphere in 2D Hilbert space.

A system of n qubits lives in a 2"-dimensional Hilbert space. With fifty qubits, the state
space has more than a quadrillion dimensions. A quantum computer manipulates this
exponentially large vector by applying unitary operations — rotations — to it. No classical
computer can efficiently simulate this process for large n, which is the source of quantum
advantage.

Gates as Rotations

Quantum gates are unitary operators — rotations in Hilbert space. The Hadamard gate
rotates a basis state into an equal superposition. The phase gate applies Euler's formula to
add a complex phase. The CNOT gate entangles two qubits. A quantum circuit is a
sequence of rotations in an exponentially large Hilbert space, designed so that at the end,
measurement returns the answer to a computational problem with high probability.

Interference as Computation

The power of quantum algorithms — Shor's algorithm for factoring, Grover's algorithm for
search — comes from interference. A quantum computer constructs a state in which paths
leading to wrong answers interfere destructively (their amplitudes cancel), while paths
leading to correct answers interfere constructively (their amplitudes reinforce).
Measurement then collapses the state to the correct answer with high probability.

This is Fourier analysis — Euler's formula — operating at the level of computation itself.
The quantum Fourier transform is the central subroutine in Shor's algorithm. The invisible
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space that Hilbert built for integral equations, that Schrédinger and Heisenberg found in
atoms, is the space in which the most powerful computations that nature allows take place.
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PART IV

The Mathematics of Symmetry

The mathematics of symmetry. From an unsolvable equation and a duel at twenty comes
group theory, which turns out to define what a particle is — while a geometry of pure
shape comes to govern the phases of matter.
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PART IV

4.1 The Quest for a Formula
Cubics, Quartics, and a Wall

Gerolamo Cardano
1501 — 1576 - Mathematician, physician

Niccolo Tartaglia
1500 — 1557 - Mathematician, engineer

A Formula for Everything

Every schoolchild learns the quadratic formula — the recipe that solves any
second-degree equation using nothing but its coefficients, the four arithmetic operations,
and a square root. It is one of the oldest tools in mathematics, known in some form to the
Babylonians. For centuries it raised an obvious question: is there a similar formula for
equations of higher degree?

The quadratic formula

- b +b?%-4ac
2a

Degree two, solved by radicals — square roots of the coefficients.
The natural question: does this keep working for higher degrees?

The Italian Breakthrough

In sixteenth-century Italy the answer arrived for the cubic, in one of the most colourful
episodes in the history of mathematics. Scipione del Ferro found a method for certain
cubics and kept it secret; Niccoldo Tartaglia rediscovered it and won a public
problem-solving contest with it; and Gerolamo Cardano, having coaxed the method out of
Tartaglia under a promise of secrecy, published it anyway in his 1545 masterwork, the Ars
Magna. The feud that followed was bitter and lifelong, but the mathematics was
undeniable: the cubic could be solved by radicals, using cube roots as well as square
roots.

Cardano's student Lodovico Ferrari went further and cracked the quartic, the fourth-degree
equation, reducing it cleverly to a cubic. By the middle of the sixteenth century, equations
of degree two, three, and four could all be solved by formulas built from the coefficients
using ordinary arithmetic and the extraction of roots. The pattern seemed irresistible.
Surely the fifth degree would soon fall as well.
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It did not. For more than two hundred years the quintic resisted every assault by every
great mathematician who tried it. Formulas grew monstrous and led nowhere. Slowly a
heretical suspicion took hold — the same kind of suspicion that, in the second book of this
series, surrounded Euclid's fifth postulate. Perhaps the reason no one could find a formula
for the quintic was that no such formula could possibly exist. To prove that, however,
would require not more algebra of the old kind, but a way of thinking that did not yet exist.
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PART IV

4.2 Abel and Ruffini

Proving the Impossible

Paolo Ruffini
1765 — 1822 - Mathematician, physician

Niels Henrik Abel
1802 — 1829 - Mathematician, Norway

A Different Kind of Question

Proving that something can be done is one thing: you exhibit it. Proving that something can
never be done, by any method whatsoever, is far harder — you must somehow reason
about all possible methods at once. This is the kind of proof the quintic demanded, and it
represented a profound shift in what mathematics was being asked to do.

Paolo Ruffini, an Italian mathematician and physician, published a long and difficult
argument in 1799 claiming that the general quintic could not be solved by radicals. His
proof had gaps and was largely ignored. Two decades later the young Norwegian Niels
Henrik Abel — working in poverty and isolation, and destined to die of tuberculosis at
twenty-six — produced a complete and rigorous proof. The result is now called the
Abel-Ruffini theorem.

The Abel-Ruffini theorem:
The general equation of degree five or higher cannot be solved by any
formula in radicals.

Why Is Five Different?

Abel had settled the fact: there is no quintic formula. But the result only deepened the
mystery. Why should four be the boundary? What is it about the number five that makes
the difference between possible and impossible? Abel proved that the wall exists; he did
not fully explain why it stands exactly where it does.

The explanation — when it finally came — would not be about the equations at all. It would
be about a hidden object lurking behind every equation: the structure of symmetries
among its solutions. To see solvability, one had to stop looking at the roots and start
looking at the ways they could be shuffled. That radical change of viewpoint was the work
of a young man with almost no time left to live.
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PART IV

4.3 Galois

Symmetry Decides Everything

Evariste Galois
1811 - 1832 - Mathematician, France

A Short and Turbulent Life

Evariste Galois was a prodigy and a firebrand. Twice rejected from France's premier
engineering school, expelled for his republican politics, briefly imprisoned, he poured his
mathematical ideas onto paper in bursts that examiners failed to understand or simply lost.
On the night of 30 May 1832, facing a duel he expected to lose — over a matter that
remains obscure — he stayed up writing, scrawling 'l have no time' in the margins as he
set down his theory. He was shot the next morning and died at twenty. The pages he left
behind would take other mathematicians decades to fully comprehend.

Looking at the Symmetries, Not the Roots

Galois's revolutionary idea was to stop trying to compute the roots of an equation and
instead study how they relate to one another. The roots of a polynomial can be permuted
— swapped and shuffled — and some of these permutations preserve every algebraic
relationship that holds among the roots, while others do not. The permutations that
preserve all the relationships form a set with a remarkable internal structure. Galois had
discovered the symmetry group of the equation.

His astonishing conclusion was that the question of solvability has nothing to do with the
equation's appearance and everything to do with the structure of this group. An equation
can be solved by radicals if and only if its symmetry group can be taken apart in a
particular, orderly way. For equations of degree four and below, the relevant groups
always come apart so. For the general quintic, the group — built from all the permutations
of five objects — cannot. That is the true reason the quintic has no formula.

Galois's insight:
An equation is solvable by radicals exactly when the symmetry group
of its roots can be broken apart in steps.

The importance of this leap is hard to overstate. Galois had answered a
three-hundred-year-old question, but in doing so he had introduced something far bigger
than the answer: the group itself, a structure that captures the very notion of symmetry. He
could not have guessed that this object, conceived to explain a quirk of algebra, would one
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day turn out to be the scaffolding of physical reality.

73



THE INVISIBLE MATHEMATICS
How pure thought so often arrives early

PART IV

4.4 What Is a Group?

The Mathematics of Transformation
Augustin-Louis Cauchy
1789 — 1857 - Mathematician

Arthur Cayley
1821 - 1895 - Mathematician

Four Simple Rules

It took a generation for mathematicians to distil Galois's idea into a clean abstract
definition, a task advanced by Augustin-Louis Cauchy's study of permutations and
completed when Arthur Cayley defined the group in the fully general way we use today. A
group is any collection of objects — they can be numbers, rotations, permutations,
anything — together with a way of combining two of them to get a third, obeying just four
rules.

What makes a group
closure: a- b isagainin the group
associativity: (ab)c = a(bc)
identity: ea = ae = a

inverse: aa !l =e

Four rules — and almost everything worthy of the name 'symmetry' obeys them.

Symmetry Made Precise

The power of these rules lies in their generality. The rotations that leave a square looking
unchanged form a group. The permutations of a deck of cards form a group. The rigid
motions of three-dimensional space form a group. In every case the same four rules hold,
and so anything proved about groups in the abstract applies at once to all of them. A
symmetry, in the mathematical sense, is precisely a transformation that belongs to such a
group: it can be undone (the inverse), it can be done after another (closure), and doing
nothing counts (the identity).

The permutations of n objects form a particularly important group, the symmetric group,
written S,. It is the original example — the group Galois studied — and it grows explosively
with n, which is exactly why the quintic's group of five-element permutations is too richly
structured to come apart into solvable pieces.
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The symmetric group
| S, = n!

The number of ways to permute n objects.
For n = 5 this is 120 — and the structure within it is what defeats the quintic.

With Cayley's abstract definition, the group escaped the theory of equations entirely and
became an object of study in its own right. Mathematicians began to ask what groups
exist, how they can be built and decomposed, how they can act on other things. Within a
few decades they had constructed an enormous theory of symmetry — still with no

application to the physical world in view. The stage was being set, unknowingly, for
physics.
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PART IV

4.5 Lie

Continuous Symmetry

Sophus Lie
1842 — 1899 - Mathematician, Norway

Symmetries You Can Do a Little Bit Of

The Norwegian mathematician Sophus Lie set out to do for differential equations what
Galois had done for polynomial equations: to understand them through their symmetries.
But the symmetries that matter for differential equations are continuous. You can rotate a
circle by ninety degrees, but you can equally rotate it by one degree, or by a hundredth of
a degree, or by any angle in a smooth, unbroken range. Such transformations form what
we now call a Lie group — a group that is also a continuous space.

Lie's decisive insight was that a continuous group is almost entirely captured by its
behaviour near the identity — by the infinitesimal transformations, the symmetries done
just a tiny bit. These infinitesimal generators form a simpler structure, now called a Lie
algebra, and from them the entire continuous group can be reconstructed by, in effect,
repeating the infinitesimal step over and over.

An infinitesimal symmetry
g=1+¢eX

A continuous symmetry, done by an infinitesimal amount ¢.
The generator X lives in the group's Lie algebra.

Finite symmetries are then recovered by accumulating these infinitesimal ones — an
operation that, beautifully, takes the form of an exponential, exactly the kind of relationship
Euler had uncovered between rotation and the exponential function in the first book of this
series. The continuous symmetry of a full rotation is the infinitesimal generator,
exponentiated.

From the infinitesimal to the whole
— A0X
g®) = e

The finite symmetry is its generator, exponentiated —
the same circle-from-growth motion that drives quantum phase.

Lie had built the mathematics of continuous symmetry: rotations, translations, and far more
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exotic transformations, all organised by their infinitesimal generators. Like Galois before
him, he was solving a problem internal to mathematics. He had no inkling that the rotations
he studied would become the spin of the electron, or that his algebras of generators would
become the commutation relations at the heart of quantum mechanics.
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PART IV

4.6 Killing, Cartan, and Representations
A Periodic Table of Symmetry

Wilhelm Killing
1847 — 1923 - Mathematician

Elie Cartan
1869 — 1951 - Mathematician

Classifying All Possible Symmetries

Once Lie groups existed, an audacious question arose: could one list all of them — at least
all the fundamental, indecomposable ones, the so-called simple Lie groups? Wilhelm
Killing began the classification in the 1880s, and Elie Cartan completed and corrected it.
The result is one of the great achievements of pure mathematics: a complete catalogue of
the simple continuous symmetries, falling into four infinite families together with five
exceptional cases that fit no family at all.

It is, in effect, a periodic table of symmetry — finite, exhaustive, and strangely rigid, as
though the possible kinds of continuous symmetry were as fixed and few as the chemical
elements. Killing and Cartan produced it as an exercise in pure structure, decades before
anyone suspected that the universe would choose its forces from exactly this list.

Letting a Group Act

Alongside the classification came an idea that would prove indispensable to physics:
representation theory. An abstract group is, on its own, just a set of symbols obeying the
four rules. A representation makes it concrete by assigning to each element a matrix — a
definite transformation of some space of vectors — in a way that respects the group's
multiplication. The group is then said to 'act' on that space.

A representation respects the group
D(g) D(h) = D(gh)

Each symmetry g becomes a matrix D(g);
combining symmetries matches multiplying their matrices.

The crucial notion is that of an irreducible representation — one that cannot be broken into
smaller pieces, a space that the group mixes together thoroughly and cannot split apart.
The irreducible representations are the indivisible atoms of a group's action. Keep that
word, irreducible, firmly in mind. When physics arrives, it will turn out that the elementary
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particles of nature are precisely the irreducible representations of the symmetry of
spacetime. The mathematicians had built the boxes; physics would discover what goes in
them.
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PART IV

4.7 Noether

Symmetry Is Conservation

Emmy Noether
1882 — 1935 - Mathematician, Géttingen

The Deepest Theorem in Physics

Emmy Noether was one of the greatest mathematicians of her era, and she achieved this
while barred for years from holding a paid professorship because she was a woman —
lecturing, for a time, under David Hilbert's name. In 1918, asked by Hilbert and Felix Klein
to help resolve a puzzle about energy in Einstein's new theory of gravity, she proved a
theorem so fundamental that it reorganised all of physics around the idea of symmetry.

Noether's theorem says that every continuous symmetry of the laws of physics
corresponds to a conserved quantity — and conversely, every conservation law arises
from a symmetry. The great conservation laws, once regarded as separate empirical facts,
were revealed as shadows of symmetries of nature.

Noether's theorem:

Every continuous symmetry of the laws of physics gives rise to a
conserved quantity.

Symmetry and what it conserves
symmetry under time-shift — energy
symmetry under space-shift — momentum
symmetry under rotation — angular momentum

Conservation laws are not accidents. They are symmetries in disguise.

The fact that energy is conserved, Noether showed, is the same fact as the laws of physics
being the same today as tomorrow. That momentum is conserved is the same fact as the
laws being the same here as there. That angular momentum is conserved is the same fact
as space having no preferred direction. With one theorem, symmetry was promoted from a
pleasing feature of certain problems to the very source of the quantities physics holds most
sacred. And symmetry, of course, is group theory.
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PART IV

4.8 Weyl and the Quantum Plague

Groups Enter the Atom

Hermann Weyl
1885 — 1955 - Mathematician, physicist

An Unwelcome Guest

When quantum mechanics took shape in the 1920s, a handful of mathematically-minded
physicists — Hermann Weyl foremost among them — recognised that group theory was
tailor-made for it. A quantum system has symmetries: an atom looks the same from every
direction, so the rotation group acts on its states. And as the previous book in this series
showed, quantum states are vectors in a Hilbert space. Put the two facts together and the
conclusion is immediate: the symmetry group of a system is represented on its Hilbert
space of states.

This single idea explained a great deal that had seemed arbitrary. The quantum states of
an atom organise themselves into multiplets — families of states with related energies —
and these multiplets are exactly the irreducible representations of the rotation group. The
mysterious rules governing which atomic transitions are allowed and which are forbidden,
the selection rules, fell out of representation theory automatically. Symmetry was not
decorating quantum mechanics; it was structuring it.

Many physicists hated it. The abstract machinery of group theory struck them as alien
mathematical baggage intruding on physics, and they grumbled about the Gruppenpest —
the 'plague of groups' — hoping it would pass. It did not pass. The deeper quantum
mechanics was understood, the more indispensable group theory became, until resistance
gave way and symmetry moved to the centre of the subject.

Non-commuting symmetry: quantum spin
[Jy,Jdy] = ihd,

The Lie bracket [A, B] = AB — BA of two rotation generators.
That rotations about different axes do not commute is the origin of spin.

Here Lie's nineteenth-century algebra of infinitesimal generators reappears as concrete
physics. The generators of rotation are the components of angular momentum, and the
fact that they do not commute — that the order of two rotations matters — is the same
non-commutativity that, in the first book, produced Heisenberg's uncertainty. Spin itself,
the most stubbornly non-classical property of the electron, is nothing but a particular small
representation of the rotation symmetry. The mathematics of symmetry had become the
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grammar of the quantum world.
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PART IV

4.9 Wigner

How Symmetry Must Act

Eugene Wigner
1902 — 1995 - Physicist, Hungary and Princeton

The Quiet Hungarian

Eugene Wigner — born in Budapest, trained as a chemical engineer, eventually a
professor at Princeton — was famously courteous, precise, and modest, and he
possessed an almost unrivalled command of the role of symmetry in physics. Where
others applied group theory case by case, Wigner asked the foundational question: what
form must a symmetry take in quantum mechanics at all?

Wigner's Theorem

His answer, now called Wigner's theorem, is a cornerstone of the subject. A symmetry of a
quantum system must preserve the probabilities of measurement — the overlaps between
states, which determine what is actually observed. Wigner proved that any transformation
doing this must be represented on the Hilbert space by an operator of a very restricted
kind: a unitary operator (or, in special cases involving time reversal, an antiunitary one).

Wigner's theorem:
Every symmetry of a quantum system is realised by a unitary (or
antiunitary) operator on its Hilbert space.

Symmetry preserves what is observable
| (@ | w)| isleftunchanged

A quantum symmetry preserves the overlap between states —
and therefore every probability that experiment can measure.

This was the precise bridge between the abstract theory of groups and the concrete
machinery of quantum mechanics. It guaranteed that the symmetries of nature act on
quantum states exactly as representation theory describes, and it made the deductions of
group theory binding on physics. With the bridge in place, Wigner could ask the most
ambitious question of all — not how symmetry constrains a given particle, but whether
symmetry might define what a particle is.
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PART IV

4.10 Particles as Representations
What an Elementary Particle Really Is

Eugene Wigner
1902 - 1995 - Physicist

The Symmetry of Spacetime

Special relativity, as the previous book described, unified space and time into a single
four-dimensional spacetime. That spacetime has a symmetry group — the Poincaré group
— consisting of all the transformations that leave the laws of physics unchanged:
translations in space and time, rotations, and the velocity boosts of relativity. Any
relativistic quantum theory must carry a representation of this group, because its states
must transform sensibly under these universal symmetries.

In a 1939 paper of legendary depth, Wigner set out to find all the irreducible
representations of the Poincaré group. This was a problem in pure group theory of exactly
the kind Cartan might have posed. But Wigner's motivation was physical, and his
interpretation of the answer was breathtaking. The irreducible representations — the
indivisible ways that spacetime symmetry can act — correspond one-to-one with the
possible kinds of elementary particle. An elementary particle simply is an irreducible
representation of the symmetry of spacetime.

Wigner, 1939:
An elementary particle is an irreducible representation of the symmetry
group of spacetime.

And the representations are labelled by just two numbers. The first is mass; the second is
spin. That is all it takes to specify which irreducible representation one has — and
therefore, Wigner showed, all it takes at the deepest level to specify an elementary
particle. The electron, the photon, the quark: each is a particular representation, identified
by its mass and its spin.

A particle, fully labelled
elementary particle = (m,s)

Mass m and spin s — the two labels of an irreducible representation
of the Poincaré group. A particle is a piece of group theory.
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This is the summit of the book, and one of the most remarkable identifications in all of
science. The question 'what is a particle?” — seemingly the most physical question
imaginable — turns out to have a mathematical answer. A particle is not a tiny ball of stuff.
It is a way that the symmetry of spacetime can be realised, an irreducible representation
wearing the clothes of mass and spin. The mathematics of Galois and Lie and Cartan, built
with no thought of nature, had become the definition of nature's elementary constituents.
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PART IV

4.11 The Eightfold Way

Symmetry Predicts New Matter

Murray Gell-Mann
1929 — 2019 - Physicist
Yuval Ne'eman
1925 - 2006 - Physicist

Order in the Particle Zoo

By the 1950s, experiments had revealed a bewildering crowd of new particles — so many
that physicists despaired of finding any order among them. Then, around 1961, Murray
Gell-Mann and, independently, Yuval Ne'eman noticed that the particles fell into neat
geometric patterns: families of eight and ten, with regular relationships of charge and other
properties. Gell-Mann, with a playful nod to Buddhism, called the scheme the Eightfold
Way.

The patterns were not numerology. They were the multiplets — the irreducible
representations — of a particular Lie group from Cartan's catalogue, the group called
SU(3). The strongly interacting particles arranged themselves exactly as the
representations of SU(3) demand, just as atomic states had arranged themselves
according to the rotation group decades earlier.

The eightfold way
SU(3) — families of 8 and 10

The hadrons fill the irreducible representations of SU(3) —
geometry imposing order on the chaos of particles.

The triumph came when a pattern had an empty slot. One of the families of ten lacked a
single member, and symmetry insisted it must exist, with properties the mathematics
specified in advance. In 1964 the missing particle, the omega-minus, was found precisely
as predicted. Symmetry had foretold a new piece of matter. And the patterns themselves
pointed deeper: the simplest representation of SU(3) had three members, hinting at three
underlying constituents. These were the quarks — themselves just the smallest
representation, the mathematical seeds from which the larger patterns are built.
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PART IV

4.12 Gauge Symmetry

Symmetry Generates the Forces
Chen-Ning Yang
1922 — 2024 - Physicist
Robert Mills
1927 — 1999 - Physicist

Demanding Symmetry Everywhere

The final and most astonishing role of symmetry is not to classify the forces of nature but
to create them. The idea, pioneered by Chen-Ning Yang and Robert Mills in 1954 and built
on Weyl's earlier work, is called gauge symmetry. Begin by demanding that a certain
symmetry hold not just globally but locally — independently at every point of spacetime.
This demand cannot be met by the matter fields alone; satisfying it forces the existence of
new fields. And those forced-into-being fields are precisely the force-carrying fields of
nature.

Require local symmetry of one kind and electromagnetism appears, with the photon as its
carrier. Require the local symmetries of the groups SU(2) and SU(3) and the weak and
strong nuclear forces appear, complete with their carrier particles. The forces are not
added by hand; they are the price of insisting that symmetry hold everywhere
independently. This is the architecture of the Standard Model of particle physics, the most
precisely tested theory in history.

The symmetry of the Standard Model
SU@3) x SU2) x U(1)

Three symmetry groups — strong, weak, electromagnetic.
Demanding they hold locally generates the forces themselves.

Every one of these groups is drawn from the list that Killing and Cartan compiled in the
nineteenth century for reasons of pure mathematics. Nature, in choosing the symmetries of
its forces, reached into a catalogue that had been printed decades before the forces were
understood — and took its selections off the shelf.
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PART IV

4.13 The Unreasonable Effectiveness
What Was Actually Discovered

A Theory Found, Not Built

Look back along the road. A Renaissance feud over cubic equations led to the quintic,
which would not yield. Abel proved no formula could exist; Galois explained why by
inventing the group, the mathematics of symmetry. Lie extended symmetry to the
continuous case; Killing and Cartan catalogued every fundamental kind; representation
theory described how such symmetries can act. Not one step was taken with physics in
mind. It was algebra, pursued for the love of structure, across more than a century.

Then physics found that it could not do without any of it. Noether showed that conservation
laws are symmetries. Weyl and Wigner showed that quantum states and their spins are
representations. Wigner showed that an elementary particle is an irreducible
representation of spacetime symmetry. Gell-Mann read new particles out of SU(3); Yang
and Mills built the very forces of nature out of local symmetry — choosing, every time, from
the mathematicians' pre-existing list. The language of nature's deepest laws had been
written down before there was anything to say in it.

The recurring miracle:
Mathematics built for its own sake keeps turning out to be the
language physical reality is written in.

The man at the centre of this story felt the wonder of it as keenly as anyone. In 1960
Eugene Wigner published a short essay with a title that has echoed ever since: "The
Unreasonable Effectiveness of Mathematics in the Natural Sciences.' In it he marvelled
that concepts invented by mathematicians for their own abstract purposes should turn out,
again and again, to describe the physical world with uncanny precision — a gift, he wrote,
that 'we neither understand nor deserve.'

This series has traced three instances of that gift. Hilbert space, built to study integral
equations, became the arena of quantum mechanics. Riemannian geometry, born of a
quarrel about parallel lines, became the structure of gravity. And group theory, conceived
by a dying duelist to explain the quintic, became the definition of particles and the source
of the forces. Three times the mathematics came first. Whether this reflects something
deep about the universe, or about the human mind, or about mathematics itself, no one
can say. But the pattern is unmistakable — and Wigner, who did so much to reveal it, was
right to call it unreasonable.
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PART IV

4.14 Rubber Geometry Becomes Matter

From Euler's Bridges to the Phases of Matter
Leonhard Euler
1707 — 1783 - Mathematician
Henri Poincaré
1854 — 1912 - Mathematician
David Thouless
1934 — 2019 - Physicist

A Geometry That Forgets Distance

Geometry, for most of its history, was the study of size and shape: how long a line is, how
wide an angle opens, whether two triangles are congruent. Topology begins by throwing
almost all of that away. It asks what remains of a shape when distance and angle no
longer count — when the figure is drawn not on paper but on a sheet of perfectly elastic
rubber, free to be stretched, bent, and twisted, though never torn or glued. A circle and a
square become the same object, since one can be deformed smoothly into the other. So
do a coffee cup and a doughnut, each having exactly one hole. What topology keeps is the
residue that survives all this kneading: how many pieces a figure has, how many holes,
how things are connected. It is geometry stripped down to its most stubborn skeleton.

The subject has a famous birth. In 1736 Leonhard Euler settled a puzzle about the
Prussian town of Konigsberg, whose seven bridges crossed a forked river: could one stroll
through the town crossing every bridge exactly once and return home? Euler proved it
impossible, and the proof ignored every distance and every map. All that mattered was
which landmass connected to which — the pattern of connection alone. He had solved a
problem of position rather than measurement. The same instinct produced Euler's other
gift to the field: a startling little law about solids.

Euler's polyhedron formula
V-E+F =2

For any convex polyhedron, vertices minus edges plus faces is always two.
Squash, stretch, or subdivide the shape — the number two does not budge.

Take any convex polyhedron — a cube, a pyramid, a soccer ball of pentagons and
hexagons — and count its vertices, its edges, and its faces. Combine them as vertices
minus edges plus faces, and the answer is always two. It does not matter how large the
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solid is, how its faces are shaped, or how finely one slices them into smaller faces; the
total refuses to change. That fixed number is the first example of what topologists came to
prize above all else: an invariant, a quantity attached to a shape that stays exactly the
same under any continuous deformation. Cut a hole through the solid, turning it into a ring,
and the number jumps to zero. The integer counts holes, and integers do not drift.

Poincare Builds the Modern Subject

For a century and a half these were scattered curiosities. Johann Listing, a student of
Gauss, gave the field its name in 1847, coining topology for this geometry of place. But it
was Henri Poincare who, in a sequence of papers beginning with his 1895 Analysis Situs,
turned a handful of charming results into a discipline. Poincare needed tools to tell
genuinely different shapes apart in any number of dimensions, and he forged them: ways
of counting the holes of a space and of tracking the loops that can be drawn on it and
never shrunk to a point. He made precise the idea that some quantities are robust against
all smooth bending, and he asked questions about three-dimensional spaces so deep that
one of them, the Poincare conjecture, stood unsolved for nearly a hundred years.

None of this was aimed at the physical world. Poincare and those who followed were
chasing structure for its own sake, classifying the possible shapes of abstract spaces. Yet
through all of it the recurring miracle was the same: a continuous, infinitely flexible object,
pinned down by a single whole number that cannot change unless the object is violently
torn. An integer immune to deformation is a remarkably rigid thing to find inside something
so soft.

An Integer You Can Measure

That rigidity is exactly what physics, eventually, came to need. In 1980 Klaus von Klitzing
was studying a thin sheet of electrons trapped at the boundary between two materials,
chilled near absolute zero and placed in a strong magnetic field. He measured the sheet's
electrical conductance and found something that should not have been possible in a
messy, imperfect, real material: the conductance came in exact integer multiples of a
fundamental constant, reproducible to better than one part in a billion. Impurities, the
precise shape of the sample, the details of the wiring — none of it mattered. The quantity
was quantised with a precision so absolute that it is now used to define the standard of
electrical resistance.

Why should a grubby physical sample yield an integer that clean? The answer, supplied a
few years later by David Thouless and his collaborators, was topology. The quantum state
of those electrons can be described by a smooth geometric object, and attached to that
object is an invariant — an integer called a Chern number, a cousin of Euler's two — that
counts a kind of twisting in the electrons' collective wavefunction. The measured
conductance is that integer. It is quantised for precisely the reason Euler's formula gives
the number two: it is a topological invariant, and a topological invariant cannot change a
litle. To change it at all, the system would have to be torn — its quantum state forced
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through a sharp transition — and short of that, the integer is fixed. The bumps and flaws of
a real material are mere stretching of the rubber sheet, and stretching leaves the invariant
alone.

Why the quantisation is exact:

A physical quantity that equals a topological invariant is an integer,
and an integer cannot drift a little — so it is exact, no matter how
imperfect the material.

The idea proved deep and general. There turned out to be whole topological phases of
matter, materials sorted not by the familiar distinctions of solid against liquid or magnet
against metal, but by which invariant their quantum state carries. The most striking are the
topological insulators: substances that refuse to conduct electricity through their interior yet
conduct perfectly along their surfaces or edges, and do so robustly, because the mismatch
between an ordinary outside and a topologically twisted inside forces conducting channels
to exist at the boundary. Whether a material insulates or conducts at its edge becomes,
astonishingly, a question of topology. In 2016 the Nobel Prize in Physics went to David
Thouless, Duncan Haldane, and Michael Kosterlitz for revealing these topological phases
— geometry that had forgotten distance, returned now as the deepest classifier of matter.

It is the thesis of this book made unusually literal. Euler counted bridges and faces for the
pure pleasure of the pattern, and Poincare built a science of shapes that bend; for
generations the whole edifice touched nothing one could weigh or wire. Then the
laboratory caught up, and found that the integer immune to stretching was the only thing
that could explain a number measured to a billionth. The mathematics of what survives
deformation had become the physics of what matter can be.
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PART V

The Pattern Everywhere

The pattern beyond physics. The same story plays out in motion, in secrets, and in logic —
quaternions, prime numbers and Boolean algebra building the modern machine — until

logic reaches its own limit.
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PARTV

5.1 Algebra in Motion

Hamilton's Quaternions Run the Machines

William Rowan Hamilton
1805 — 1865 - Mathematician, physicist

The Number Line Refuses to Stop

By the early nineteenth century the family of numbers had grown twice over. The real
numbers filled the line; the complex numbers, by adding a square root of minus one, filled
the plane. And the complex numbers did something more than fill the plane — they moved
it. To multiply by a complex number of unit length is to rotate the plane about the origin,
smoothly and exactly, by a fixed angle. Multiplication had become motion.
Two-dimensional rotation, the turning of a flat picture, was simply what complex arithmetic
did when you weren't watching.

William Rowan Hamilton, the prodigious Irish Astronomer Royal, found this irresistible. If a
two-component number rotated the plane, surely a three-component number — an
ordinary triple of coordinates, the very stuff of space — would rotate three-dimensional
space in the same effortless way. He wanted an algebra of triples in which one could add
and, crucially, multiply, with all the familiar laws intact. For more than a decade he tried.
His children, it is said, would ask him at breakfast whether he could yet multiply triples, and
each morning he had to answer that he could only add and subtract them.

The Walk to Broom Bridge

The obstruction was deep, and it took Hamilton years to see its shape. The trouble was
always the same: when he multiplied two triples he could never make the lengths behave,
never close the algebra under multiplication without producing terms he had nowhere to
put. The resolution, when it came on the morning of the sixteenth of October 1843, arrived
as he walked with his wife along the Royal Canal in Dublin. He needed not three numbers
but four. And he had to pay a price no one had ever knowingly paid before: he had to give
up commutativity, the comfortable rule that the order of multiplication does not matter.

In his new system there were three distinct square roots of minus one — he named them i,
j and k — and they refused to commute. Multiplying i by j gave k; multiplying j by i gave
minus k. The product depended on the order, exactly as a pair of rotations in space
depends on which you perform first. So struck was Hamilton that, lacking paper, he carved
the defining relations into the stone of Broom Bridge with a penknife as he passed.
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Hamilton's bridge carving
i?=j?=kKk?=jjk=-1

Carved into Broom Bridge, Dublin, 16 October 1843.
Three square roots of minus one — and order now matters: ij=—ji.

A quaternion is a number with four parts: one ordinary real component and three imaginary
ones along i, j and k. Hamilton had extended the saga of the number systems one step
further — from the line to the plane to a strange four-dimensional space — and the cost of
the step was the loss of a law so basic that no one had thought to name it. It was the first
time mathematicians accepted that a thoroughly useful arithmetic might be
non-commutative, and that acceptance opened the door to the whole modern study of
abstract algebraic structures.

A Magnificent Curiosity

Hamilton spent the remaining twenty-two years of his life convinced that quaternions were
the master key to physics, and he laboured to recast mechanics and optics in their
language. Yet the four-dimensional algebra sat awkwardly on three-dimensional problems,
dragging its real part along like an unwanted passenger. Towards the end of the century
Josiah Willard Gibbs and Oliver Heaviside extracted the genuinely useful
three-dimensional pieces — what we now call the dot product and the cross product —
and packaged them as vector calculus. It was cleaner for the physics of the day, and it
won. Quaternions were quietly shelved as a beautiful Victorian curiosity, the kind of thing
examined for its elegance and its history rather than for any work it might do.

And there they rested for the better part of a century, admired and unemployed — a
finished, self-contained piece of pure algebra waiting, as so much pure mathematics waits,
for a problem worthy of it to come looking.

The Machines Come Looking

The problem arrived with the computer. To animate a figure, fly a simulated aircraft, or
steer a real robot arm, a machine must continually track and update an object's orientation
in space — and orientation, it turns out, is a treacherous thing to store. The obvious recipe
of three angles, one about each axis, suffers from a notorious flaw called gimbal lock: at
certain orientations two of the axes line up, a degree of freedom silently collapses, and the
object lurches or freezes. The Apollo guidance engineers feared it; flight simulators
stuttered on it; early animation tumbled into it.

A unit quaternion has none of these troubles. It encodes any rotation in space as a single
point on a four-dimensional sphere, with no special directions to snag on and no
orientation at which the description degenerates. Composing two rotations is just
multiplying two quaternions — the very non-commutativity Hamilton reluctantly accepted
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now matching, exactly, the fact that turning a thing this-way-then-that differs from
that-way-then-this. Interpolating smoothly between two orientations, to swing a camera or
ease a joint from one pose to another, becomes a clean glide along the sphere. Four
numbers, where a rotation matrix needs nine; numerically stable, where angles fail.

Why the machines chose Hamilton:

A unit quaternion stores any 3D rotation in four numbers, composes by
multiplication, and never gimbal-locks.

So the curiosity became infrastructure. Every modern game engine represents the
orientation of every object as a quaternion. Robots compute the pose of their limbs with
them. Spacecraft and aircraft hold their attitude — which way they point against the stars
— in quaternion form, precisely because the alternative can lock at the worst moment. The
algebra Hamilton carved into a Dublin bridge in a flash of frustration, dismissed for a
hundred years as having no use, now turns silently inside almost every device that has to
know which way it is facing. The mathematics came first, complete and waiting; the
machines arrived, a century late, to claim it.
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PARTV

5.2 The Keeping of Secrets

Hardy's Useless Primes and the Codes That Guard the World

G. H. Hardy

1877 - 1947 - Mathematician
Carl Friedrich Gauss
1777 - 1855 - Mathematician

Rivest, Shamir & Adleman
1977 - Inventors of RSA

The Purest Pursuit

Of all the branches of mathematics, none was prized so highly for its remoteness from the
world as the theory of numbers. It asks only the simplest-sounding questions — which
whole numbers are prime, how they divide one another, what patterns hide among them —
and it answers them with arguments of starting depth. Pierre de Fermat, a
seventeenth-century magistrate who did mathematics for pleasure, found that if you take
any number not divisible by a given prime, raise it to one less than that prime, and divide
by the prime, the remainder is always one. Leonhard Euler proved this and then
generalised it, introducing a count — now called Euler's totient — of how many numbers
below a given one share no factor with it. These were the jewels of arithmetic, admired
precisely because they seemed to lead nowhere useful.

The man who gathered this scattered treasure into a science was Carl Friedrich Gauss. In
1801, at twenty-four, he published the Disquisitiones Arithmeticae, the book that made
number theory a discipline. At its heart lay a deceptively humble idea: modular arithmetic,
the arithmetic of remainders. Fix a number — say twelve — and agree to care only about
what is left over after dividing by it. Then the hours on a clock wrap around, thirteen
becoming one, and addition and multiplication carry on perfectly well inside this closed
circle of numbers. Gauss called numbers that leave the same remainder congruent, and
built upon this notion a structure of extraordinary richness. He famously called arithmetic
the queen of mathematics — sovereign, beautiful, and answerable to no one.

A Boast of Uselessness

No one embraced that sovereignty more proudly than the English mathematician G. H.
Hardy. In 1940, in a slim and melancholy book called A Mathematician's Apology, Hardy
set out to justify a life spent on pure mathematics — and chose to justify it by its very
uselessness. Real mathematics, he wrote, the mathematics of the great theorists of
number, was 'useless'; it could never be turned to war, commerce, or any base practical
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end, and in that purity lay its honour. The theory of numbers was his prime example, a
thing of beauty that touched nothing and harmed no one. He counted himself fortunate to
have spent his days on something so gloriously detached from the affairs of the world.

It was one of the most spectacularly mistaken predictions a great mathematician has ever
made. Within a single generation of Hardy's death, the prime numbers he had praised for
their innocence became the bedrock of secret communication — not for a handful of
governments, but for every bank, every shop, every private message sent across the open
wires of the world.

Easy One Way, Hard the Other

The turn began with a simple observation about effort. Multiplying two numbers is easy;
even very large numbers can be multiplied in a flash. Reversing the process — taking a
number and recovering the two pieces that were multiplied to make it — is, when those
pieces are large primes, monstrously hard. There is no known shortcut. A computer can
multiply two five-hundred-digit primes instantly, yet the same computer, handed only their
thousand-digit product, would labour longer than the age of the universe to tear it apart
again. The door swings shut easily and refuses to open.

The asymmetry that secrecy is built on:
Forming a product n from two primes p and q is effortless. Recovering
p and q from n alone is, for large primes, intractable.

This lopsidedness is exactly what secure communication had always lacked. The old
codes shared a single key: whoever could lock a message could also unlock it, so the key
had to be smuggled between sender and receiver in advance. In 1976 Whitfield Diffie and
Martin Hellman showed, to general astonishment, that two strangers could agree on a
shared secret in full public view, each contributing a private piece that an eavesdropper
could not combine. They had imagined public-key cryptography; they had not quite built it.

Hardy's Primes Made Into Locks

The building came a year later, in 1977, from Ronald Rivest, Adi Shamir, and Leonard
Adleman, whose initials gave the method its name: RSA. Their scheme makes the
asymmetry of multiplication into a working lock. Choose two large primes and multiply
them to obtain a number — call it the modulus — which can be published openly for all to
see.
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The modulus

n=pxq

Two secret primes, multiplied. The product is announced to the world;
the factors are kept hidden, and on that secrecy everything rests.

Anyone may use this public number to scramble a message, raising it to a fixed power and
keeping only the remainder after dividing by the modulus — pure Gaussian arithmetic of
remainders. But unscrambling it requires a second, private exponent, and that exponent
can only be computed by someone who knows Euler's totient of the modulus, which in turn
demands knowing the two original primes. Here Euler and Fermat step quietly onto the
stage: it is their old theorems about powers and remainders that guarantee the scrambling
and unscrambling undo one another exactly. The lock is public; the key is private; and the
wall between them is the impossibility of factoring.

So the situation Hardy thought permanent was inverted within decades. The theorems of
Fermat and Euler, the modular arithmetic of Gauss, the prime numbers paraded as the
purest and most useless objects in all of thought — these now stand guard over every
online payment, every password, every private word entrusted to a network. The
mathematics had been finished long before the need for it was felt; the discovery, when it
came, merely arrived to claim what was already waiting. Hardy had been right that his
primes were beautiful, and wrong, gloriously wrong, that they were good for nothing. They
were good for keeping the secrets of the world.
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PARTV

5.3 The Laws of Thought

Boole's Logic Becomes the Computer

George Boole
1815 - 1864 - Logician, mathematician

Claude Shannon
1916 — 2001 - Mathematician, engineer

An Algebra of Reasoning

George Boole was a largely self-taught schoolmaster from Lincoln, the son of a
shoemaker, who never attended a university as a student yet ended his life as a professor
in Cork. He was convinced of an idea that sounds almost mystical when stated plainly: that
the operations of human reasoning — the way we combine the true and the false, the way
we say and, or, and not — obey laws as exact and as calculable as the laws of ordinary
algebra. Logic, since Aristotle, had been a branch of philosophy, conducted in careful
prose. Boole proposed to turn it into a branch of mathematics, conducted in symbols.

He set out his system in two books, The Mathematical Analysis of Logic in 1847 and the
fuller An Investigation of the Laws of Thought in 1854. The audacity is in the very title.
Boole was not offering a handful of tricks for tidying up syllogisms; he claimed to have
found the algebra that the mind itself runs on. His method was to let letters stand not for
numbers but for classes of things, or for statements that are either true or false, and then
to calculate with them.

Truth in Two Numbers

Boole's decisive simplification was to let his quantities take only two values. A statement is
either true or it is false; a thing is either in a class or it is not. He wrote these two
possibilities as 1 and 0 — the whole and the nothing. With only two values in play, the
familiar operations of arithmetic acquire a strange new behaviour. Multiply a statement by
itself and you get the statement back unchanged, because true-and-true is simply true. In
Boole's algebra, x times x equals x — a law that ordinary numbers obey only at 0 and 1,
which is precisely the point.

The law that two values force
XX = X (true and true is true; xis 0 or 1)

The defining peculiarity of an algebra with only two values.
From this one identity the whole logic of and, or, and not unfolds.
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From this footing the connectives of logic become operations on the symbols 0 and 1.
Writing one statement beside another — their product — means and: the result is 1 only
when both parts are 1. Adding them, with the understanding that there is nothing beyond 1,
means or: the result is 1 when either part is. Subtracting from 1 means not, the flip that
turns true into false. The age-old rules of valid inference now read as equations to be
rearranged, and a chain of reasoning becomes a calculation that can be checked the way
one checks a sum.

What Boole had built was, by any measure, pure mathematics. He was studying the
structure of thought for its own sake, in the abstract, with no apparatus in mind more
concrete than pen and paper. There were no machines that worked this way, and Boole
imagined none. When he died in 1864 — of a fever caught walking through the rain to a
lecture — his two-valued algebra was admired by a small circle of logicians as an elegant
curiosity and ignored by nearly everyone else. It had no obvious use. It would wait,
untouched, for the better part of a century.

A Master's Thesis at MIT

The claimant arrived in 1937, in the unlikely form of a twenty-one-year-old graduate
student named Claude Shannon. Shannon had studied both electrical engineering and
mathematics, and at the Massachusetts Institute of Technology he worked on a vast
mechanical computing machine, Vannevar Bush's differential analyser, whose behaviour
was governed by banks of electrical relays — switches that one circuit could click open or
shut to control another. Wrestling with these tangles of switches, Shannon recognised
something that no one before him had thought to look for: their behaviour was governed,
exactly, by the long-forgotten algebra of George Boole.

The correspondence is uncannily clean. A switch is either open or closed — two values, 0
and 1, just as Boole required. Wire two switches in series, one after the other, and current
flows only if both are closed: that is Boole's and. Wire them in parallel, side by side, and
current flows if either is closed: that is Boole's or. A relay that opens when it is energised,
inverting its input, is Boole's not. Every law Boole had derived on paper about the
combination of truths was, at the same time and without a word of change, a law about the
combination of switches.

Shannon's identification (1937)

switches in series = AND
switches in parallel = OR
aninvertingrelay = NOT

Shannon laid this out in his master's thesis, A Symbolic Analysis of Relay and Switching
Circuits, which has a fair claim to being the most influential thesis of the century. Its
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consequence was immediate and enormous. If a circuit of switches computes a Boolean
expression, then designing a circuit to perform some logical task is no longer a matter of
intuition and trial; it becomes a matter of writing down the expression and simplifying it by
the rules of algebra, exactly as Boole had simplified his equations. Complicated tangles of
relays could now be reduced, on paper, to the simplest arrangement that did the job.

Everything Computes in Boole

The marriage Shannon performed has never been dissolved. The relays soon gave way to
vacuum tubes, and the tubes to transistors etched by the billion onto slivers of silicon, but
the algebra did not change at all. The logic gates inside every processor — the AND gates,
OR gates, and NOT gates from which adders, memories, and entire computers are
assembled — are physical embodiments of Boole's three operations. When a machine
adds two numbers, sorts a list, or renders the words on this page, it is, at the deepest
level, evaluating expressions in the two-valued algebra a Lincolnshire schoolmaster set
down to capture the laws of thought.

The pattern of this book is rarely so stark. Boole pursued the mathematics of pure
reasoning with no instrument in view, and died believing it had no use beyond the study.
Almost a century later the technology of electrical switching came into being and found,
ready and waiting, the precise algebra it needed to describe itself — an algebra invented
before there was a single circuit to apply it to. The whole digital world now runs in the
symbols of 1854. The mathematics came first; the computer arrived to claim it.
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PARTV

5.4 A Calculus of Functions
Church's Lambda Calculus and the Birth of Software

Alonzo Church
1903 — 1995 - Logician, mathematician

Alan Turing
1912 — 1954 - Mathematician, logician

What Does It Mean to Compute?

In the early 1930s there were no computers, and the word 'computer' still meant a person
who did sums. Yet a question hung over the foundations of mathematics, posed sharply by
David Hilbert: is there a definite procedure — a mechanical recipe, followed without insight
or invention — that can decide whether any given mathematical statement is provable?
Hilbert called it the Entscheidungsproblem, the decision problem. To answer it one first
had to answer something more basic and more slippery. What, precisely, is a procedure?
What does it mean for a thing to be effectively computable at all?

Alonzo Church, a young logician at Princeton, set out to pin this down. His answer was not
a machine and not a list of instructions. It was a tiny, austere language in which there is
only one kind of thing in the world — the function — and only one thing you can do —
apply a function to an argument. He called it the lambda calculus, after the Greek letter he
used to write a function down. From this almost absurdly spare beginning, he proposed,
the whole of computation could be built.

Everything Is a Function

The idea is easier to feel than to define. Write the function that takes an input and simply
hands it back unchanged — the identity function — like this:

Defining a function
AX . X

Read it: 'the function of x that returns x.'
The lambda introduces the input; after the dot comes what the function does.

There are no numbers here, no symbols for arithmetic, no memory, no machine — only
functions waiting to be given other functions. To compute is to apply one to another and
then to do the single operation the calculus permits: wherever you see a function meeting
its argument, substitute the argument into the body. Hand the identity function the value vy,
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and it copies y into the place held by x:

Computation is substitution

(AX.x)y — vy

This single step — called beta-reduction — is the whole engine.
Run it over and over, and you have computation itself.

That arrow is the entire mechanics of the lambda calculus. There is nothing else: no clock,
no tape, no electricity, just the patient replacement of a name by what it stands for. And yet
Church was able to encode the whole numbers as functions, addition and multiplication as
functions, logic, recursion, the lot — every computation anyone could describe, rebuilt from
this one move. The starkness was the point. If something this thin could express all
effective procedures, then it captured the very essence of what computing is.

The Limits of Method

Church used his calculus to deliver bad news to Hilbert. In 1936 he proved that the
Entscheidungsproblem has no solution: there is no mechanical procedure that can decide,
for every statement, whether it is provable. Some questions are beyond the reach of any
recipe whatsoever. That same year his student Alan Turing reached the identical
conclusion by an entirely different route — imagining an idealised machine reading and
writing symbols on an endless tape. The two definitions of ‘computable’, one built from
functions and one from a machine, turned out to describe exactly the same class of
problems.

This coincidence was so striking that it became a principle. The Church—Turing thesis
holds that anything we could ever reasonably call computable is computable in either
system — that Church's functions and Turing's machine have between them caught the
whole of what method can do. It was a profound and slightly melancholy result: pure logic,
mapping the outer wall of what reasoning can achieve. Nobody involved was thinking
about software. There was no software. The lambda calculus was a statement about the
limits of mathematics, written in a notation almost nobody outside logic would read for
twenty years.

The Discovery Arrives to Claim It

Then the machines came, and with them programmers, and the question of how to instruct
a computer became urgent and practical. In 1958 John McCarthy, designing a language
for the new field of artificial intelligence, reached back to Church for his foundation. The
language was Lisp, and at its heart sat the lambda — Church's notation, lifted almost
unchanged, now used to conjure functions inside a running program. Computation as the
application and substitution of functions had stopped being a philosopher's model and
become a way to actually make a machine do work.
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From that root grew a whole family of so-called functional languages — ML, then Haskell
— in which programs are built, as Church built his numbers, by composing functions rather
than by ordering a machine about step by step. For decades this remained a somewhat
rarefied tradition, admired for its elegance and its closeness to mathematics. But its central
idea proved too useful to stay in one corner. The anonymous function, the little nameless A
that you define on the spot and pass to something else, slowly migrated into the
mainstream.

Today it is everywhere. When a programmer in Python writes lambda x: x, or in JavaScript
an arrow function x => x, or uses a lambda in Java, C++, or C#, they are writing Church's
identity function in Church's notation — the same construct, often the very same Greek
letter, that a logician devised in the 1930s to ask whether mathematics could be done by
machine. The keyword is not an homage or a metaphor. It is literally his. A formal system
invented to mark the boundary of the computable became, half a century on, one of the
most ordinary tools in the working programmer's hand — the math, once again, arriving
long before the world knew it had a use for it.
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PARTV

5.5 The Edge of Mathematics

Gébdel's Incompleteness

Kurt Godel
1906 — 1978 - Logician, Vienna and Princeton

Alan Turing
1912 — 1954 - Mathematician, England

Hilbert's Dream

By the opening of the twentieth century mathematics had grown so vast, and in places so
paradoxical, that its leaders wanted to put it on unshakeable foundations once and for all.
David Hilbert, the most commanding mathematician of his age, set out the programme.
Reduce all of mathematics to a formal system: a fixed alphabet of symbols, a handful of
axioms, and mechanical rules for deriving theorems from axioms. Then prove, using only
the safest reasoning, two things about that system. That it is consistent, meaning it can
never prove both a statement and its negation. And that it is complete, meaning every true
statement of arithmetic can, in principle, be reached by the rules. Mathematics would
become a closed and self-certifying machine, every truth eventually grinding into view, with
no contradiction possible. Hilbert's confidence was total. 'We must know," he declared, 'we
will know.'

It was a dream of mathematics finally catching up with itself — a guarantee, laid down in
advance, that covered everything it might ever say. The promise was refused, and the one
who refused it was a reticent twenty-five-year-old logician in Vienna.

Mathematics Talking About Itself

Kurt Godel's decisive idea, published in 1931, was to make a formal system describe itself.
Every symbol, every formula, every chain of formulas that makes up a proof can be written
out as a string of basic signs. Godel assigned to each such string a number — a unique
code, built so that the code could be taken apart again to recover exactly what it stood for.
A statement of arithmetic became a number; a proof became a number; the property of
being a valid proof of a given statement became an ordinary, if intricate, relationship
between numbers.

This was the masterstroke. Arithmetic is about numbers, and now statements about
arithmetic had themselves become numbers. A system rich enough to talk about whole
numbers could, through this coding, talk about its own formulas and its own proofs.
Mathematics had been handed a mirror, and it was made of nothing but arithmetic. With
the mirror in place, Gddel could write down, inside the system, a sentence that referred to
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itself — impossible, one would think, in the cold language of equations.

He built a sentence whose arithmetical content, once decoded, was a claim about that very
sentence: it asserted that it had no proof within the system. Call it G. We can read what G
says in plain words.

Godel's sentence G says:

“This statement cannot be proved.”

The Trap Springs

Now follow the sentence to its conclusion, supposing only that the system never proves a
falsehood. Could the system prove G? If it did, then G would be true, and what G asserts
is precisely that it has no proof — a contradiction. So the system cannot prove G. But that
is exactly what G claims about itself. G is therefore true: a genuine truth of arithmetic that
the system can never reach. And if it cannot prove G, it equally cannot prove the denial of
G, for that would be proving a falsehood. The sentence and its negation both lie forever
out of reach.

This is the first incompleteness theorem. Any consistent formal system powerful enough to
express ordinary arithmetic must contain true statements it cannot prove. Completeness is
impossible. One cannot rescue the system by simply adding G as a new axiom, either; the
mirror immediately manufactures a fresh undecidable sentence in the enlarged system,
and the gap reopens. The hole is not a flaw to be patched but a permanent feature of any
system rich enough to count.

Godel then turned the same machinery on Hilbert's other demand, and the second
theorem cut deeper still. The statement 'this system is consistent' can itself be encoded as
an arithmetical sentence, and Gddel showed that no consistent system of this kind can
prove that very sentence. A mathematics strong enough to be interesting cannot, from
within, certify its own freedom from contradiction. To trust it you must step outside it and
borrow trust from somewhere else — which faces the same predicament. Hilbert's dream
of a complete, self-guaranteeing mathematics was not merely unfulfilled. It had been
proved unfulfillable.

The Limit Becomes a Machine

For five years the result stood as a strange, forbidding theorem of logic. Then, in 1936, a
young Englishman recast it as something the whole modern world would come to live
inside. Alan Turing was attacking a question Hilbert had also posed: is there a definite
mechanical procedure that can decide, for any mathematical statement, whether it is
provable? To answer it, Turing first had to say precisely what a 'mechanical procedure'
was. He imagined an idealised device — a machine reading and writing symbols on an
endless tape, following a finite table of rules. That abstract machine is the direct ancestor
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of every computer that has ever been switched on.

Then Turing asked a question about the machines themselves. Given a machine and its
input, is there a general procedure to decide, in advance, whether it will eventually halt or
run forever? He proved there is not. The halting problem is undecidable: no machine can
correctly predict the halting of all machines. Suppose one could; feed it a description of
itself, twisted so that it halts exactly when it predicts it will not, and the same self-referential
trap that caught G snaps shut once more. It is Gédel's argument wearing the clothes of a
machine. The truth that cannot be proved has become the computation whose outcome
cannot be foreseen.

And here the book's long thesis arrives at its strangest turn. For one-and-twenty chapters
we watched pure mathematics run ahead of the physical world — conic sections waiting
for the planets, non-Euclidean geometry for gravity, group theory for the quantum, all
invented before anyone knew what they were for. Incompleteness is mathematics running
ahead of itself, and discovering a wall it cannot pass. The same austere reasoning that
describes the cosmos with such uncanny reach cannot fully describe even its own.
Effective beyond all reason, yet bounded by its own proof.

Yet the wall was not an ending. From the precise shape of the limit — from Turing's careful
account of exactly what a machine can and cannot do — came the entire theory of
computation: the notion of an algorithm, of universal machines that can imitate any other,
of problems graded by what is and is not decidable. The proof that no machine could do
everything was, in the same stroke, the blueprint for the machine that could do almost
anything. Out of the discovery that mathematics cannot capture itself, we built the engines
now reshaping the world. The edge of mathematics turned out to be the doorway to the
computer.
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PART VI

The Mathematics Still Waiting

From past to future. If the pattern holds, some mathematics already written is waiting for
the physics that will need it. A look at the likeliest candidates — and at whether the shelf
might, this time, be empty.
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PART VI

6.1 What Comes Next

The Mathematics Still Waiting

Every chapter so far has told the same story in a different key: a piece of mathematics is
built for its own sake, lies on the shelf for decades or centuries, and is then claimed by a
physics that did not know it needed it. The pattern is so insistent that it is hard not to turn it
around and ask the obvious question. What is on the shelf now? Which of today's finished,
apparently useless structures is waiting for its physicist to walk in? No one can answer with
certainty, but there are candidates — pieces of pure mathematics so deep and so
strangely complete that it is tempting to believe nature must eventually have a use for
them.

The Last Number System

Begin with the numbers themselves. We have watched them grow before: the real line,
then Cardano's complex plane, then Hamilton's quaternions, each step doubling the
dimension and surrendering a little arithmetic comfort. There is exactly one more step.
Doubling the four-dimensional quaternions gives an eight-dimensional system, the
octonions, and there the ladder stops — a theorem guarantees no consistent number
system of this kind beyond dimension eight.

The four division algebras
R@®) > C(@2 -> H(@) -> 0(8)

Real, complex, quaternion, octonion — dimensions 1, 2, 4, 8.
Each doubling costs an arithmetic law; after the octonions the ladder ends.

The octonions pay a heavy price for their size. The quaternions had already abandoned
commutativity — the order of multiplication mattered. The octonions go further and
abandon associativity itself: even the grouping of a triple product can change the answer.
For a hundred and fifty years this made them a curiosity with no obvious use, the eccentric
youngest sibling of a respectable family. Yet they refuse to vanish. There are persistent
hints that the octonions know something about why matter comes in exactly three
generations, and that their natural home is the ten dimensions of string theory. The clues
are suggestive rather than conclusive — which is precisely the state in which every earlier
candidate in this book once sat.
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The Exceptional Symmetries

The same word, exceptional, appeared in the book on symmetry. When Killing and Cartan
classified the simple continuous symmetries, they found four orderly infinite families and
then five strange objects that fit no family at all. The largest of these, called ES8, is a single
rigid structure of two hundred and forty-eight dimensions — not a family with a free
parameter to tune, but one specific, take-it-or-leave-it shape, as fixed as a prime number. It
exists for reasons internal to mathematics and would exist whether or not the universe had
any use for it.

And yet E8 keeps surfacing whenever physicists reach for a final unification. It appears in
the most studied string theories, and it has been floated, more speculatively, as the master
symmetry from which all the forces of the Standard Model might descend. None of these
proposals is confirmed. But the recurrence is striking: when physics goes looking for the
deepest possible symmetry, it keeps stumbling into the exceptional objects that the
mathematicians, with no physical motive whatsoever, had already singled out as the most
special structures their classification allowed.

Zeros That Sound Like a Drum

A different thread reaches forward from Wigner's random matrices. The Riemann zeta
function carries, in the placement of its zeros, the deepest secrets of the prime numbers.
Hilbert and Polya once suggested that those zeros might be the spectrum of a physical
system: not abstract numbers at all, but the energy levels of a quantum object waiting to
be identified. The idea sounded like a daydream until 1972, when a chance conversation
between the number theorist Hugh Montgomery and the physicist Freeman Dyson
revealed that the statistical spacing of the zeta zeros matched, exactly, the spacing of
energy levels in the random-matrix models Wigner had built for atomic nuclei.

That coincidence has only deepened with computation. The zeros of a function invented to
count primes behave like the quantum spectrum of a chaotic system — as though
somewhere sits a drum whose natural tones are the secrets of arithmetic. No one has
found the drum. If it exists, the primes are encoded in the physics of a system we have not
yet discovered, and a proof of the most famous open problem in mathematics might arrive,
of all places, from quantum mechanics.

Moonshine

Stranger still is the Monster. The finite simple groups — the indivisible atoms of symmetry
— were fully classified in one of the longest collective efforts in mathematical history, and
the catalogue ends with a handful of sporadic giants belonging to no pattern. The largest,
the Monster, has more elements than there are atoms in many planets. In the late 1970s
mathematicians noticed that the numbers describing how the Monster can act turned up,
unaccountably, in a classical function from a completely unrelated corner of mathematics.
The resemblance was so absurd it was named moonshine, as in nonsense.
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It was not nonsense. Conway and Norton conjectured a precise correspondence, and in
1992 Richard Borcherds proved it — by way of a particular string theory, a vibrating
quantum object in twenty-six dimensions whose internal symmetry is the Monster itself.
The most monstrous symmetry mathematics has ever produced turned out to be the
symmetry of a specific physical model. Whether that model means anything for the real
universe is unknown. But the bridge between the Monster and physics is built, and it was
built, once again, from the wrong direction first.

Betting on the Shelf

One last candidate is the most abstract of all. Category theory, and its refinement into
topos theory, steps back from numbers and spaces to study the patterns common to every
mathematical structure at once — the mathematics of mathematics. It has already
reshaped functional programming, and serious physicists have proposed it as a new
language for quantum foundations, where the classical logic of true and false may need to
give way to something subtler. For now it is mostly potential: a structure of immense
generality, sitting on the shelf, waiting to see whether physics will reach for it.

If the lesson of this book holds, there is a way to bet. Every past success was a deep,
canonical, rigid structure — not an arbitrary construction but one that mathematics seemed
forced to discover, the kind of object that would look the same to any civilisation anywhere.
So bet on the rigid and the inevitable: on the octonions, the last number system; on E8, the
largest exceptional symmetry; on the Monster, the final sporadic group. If nature has a
habit of choosing the most special objects mathematics offers, these are where the next
match should be found.

The wager:
The next physics, if the pattern holds, will be claimed by the most rigid
and exceptional structures mathematics has built.

And yet two very different conclusions are possible, and honesty requires holding both.
One, associated with Max Tegmark, takes the pattern at face value and pushes it as far as
it will go: if physical reality is described by mathematics with such unreasonable precision,
perhaps that is because reality simply is a mathematical structure, and we are patterns
within it noticing ourselves. On this view the shelf is never empty, because the universe
and the mathematics are one and the same thing.

The other conclusion is darker and wears the shadow of Godel, who proved that no
system of mathematics can ever capture all the truths even of arithmetic. Perhaps the shelf
is not bottomless. Perhaps the next layer of physics will demand a kind of mathematics no
one has yet invented — and we will reach for the structure that should be waiting and find
nothing there, the one time the pattern fails. Which of these is true, no one can say. But
the whole of this book has been an argument that, so far, the mathematics has always
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come first. The discovery arrives, sometimes after centuries, to claim it. The remarkable
thing is not that we sometimes wait. It is that, again and again, the thing we are waiting for
turns out to have been written down long ago, by someone who could not have known we

would come looking.
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EPILOGUE

The Unreasonable Effectiveness

What was actually discovered — and what it cannot reach.
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Epilogue
The Unreasonable Effectiveness

Look back along the whole road. A geometry of cones waited for the planets. Impossible
numbers waited for the atom. A geometry of curved space waited for gravity; an
infinite-dimensional geometry waited for the quantum; the symmetries of an equation
waited to become particles and forces; a logic of pure thought waited to become the
machine. Not every encounter ran this way — Newton built his calculus on demand,
Fourier built his to chase heat, and more than one beautiful structure led nowhere at all.
But these were the other cases, the ones where the mathematics was finished before the
discovery that needed it had even been imagined, and they are too many, and too deep, to
wave away as luck.

This is the honest core of what Wigner meant by the unreasonable effectiveness of
mathematics — a phrase that, after so many cases, has been earned rather than merely
asserted. Not that all mathematics is effective; most is never used. But why the abstract
structures mathematicians find beautiful, and build in flat indifference to the world, should
so often be the ones the universe turns out to be built from is a question no one has
answered. It may say something profound about physical reality; it may say something
about the human mind; it may say something about mathematics itself. We do not know.

And there is a shadow over the wonder. The last of our mathematicians, Godel, proved
that this same all-conquering mathematics cannot capture even itself: within any system
rich enough to do arithmetic there are true statements forever beyond proof, and no such
system can certify its own consistency. The language that describes the cosmos with such
precision is, by its own theorems, incomplete. Effective beyond reason, and limited beyond
repair — both at once.

Perhaps that is the truest picture this book can offer. Mathematics and the world are in
constant traffic, in both directions — the world calling tools into being, and the tools lying
ready, made for nothing, before the world arrives to use them; and all the while
mathematics runs ahead of itself, too, into regions it can see but never fully prove. We are
left in the position of the Renaissance algebraist turning a square root of minus one over in
his hands — certain the thing matters more than he can yet say, and unable to imagine the
use the future will make of it.

The chain of discovery
conics — imaginary numbers — curved geometry — function spaces
— symmetry — logic — the mathematics still waiting

Time and again, the math was already there.
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APPENDIX A

Symbol Dictionary

Every symbol used in this book, explained from first principles.
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Appendix A — Symbol Dictionary

F Afocus

A special point associated with a conic section. An ellipse has two foci, and the sum of the
distances from any point on the curve to the two of them is constant; this property, studied by
Apollonius as pure geometry, became physical when Kepler found the Sun sitting at one focus of
every planetary orbit.

Appears in: Apollonius's Conics; Kepler's first law.

@ Eccentricity

A single number measuring how far a conic departs from a circle. Zero gives a circle; values
between zero and one give the closed ellipses of bound planets; exactly one gives a parabola;
greater than one gives the open hyperbolas of escaping bodies. Under inverse-square gravity, the
eccentricity is fixed by the orbiting body's energy, and it alone decides which of Apollonius's curves
the orbit will be.

Appears in: the classification of conics; the shape of an orbit.

i The imaginary unit

A quantity defined by the single property that its square is minus one — the very thing ordinary
numbers cannot do. It does not lie anywhere on the familiar number line of more and less, and for
that reason it was long dismissed as a fiction. Yet it obeys all the usual rules of arithmetic, and
combinations of it with ordinary numbers (an ordinary part plus an imaginary part) turn out to be
exactly what is needed to solve cubic equations whose answers are entirely real.

Appears in: Cardano's tormented example; Bombelli's rules; the casus irreducibilis.

d52 The line element (spacetime interval)

The squared 'distance' between two neighbouring events in spacetime. In ordinary geometry it is
Pythagoras; in relativity the time part carries a minus sign, which is what distinguishes time from
space. The line element is the single quantity all observers agree on, and from it the entire
geometry — lengths, angles, curvature, the paths of free fall — can be derived.

Appears in: the metric, the spacetime interval, geodesics.

g HV The metric tensor

The central object of the whole theory: a rule, defined at every point, for converting coordinate steps
into real distances and times. In general relativity the metric is not fixed but is itself the gravitational
field — its variation from point to point is gravity. Where g is the flat Minkowski metric, spacetime is
empty and gravity-free; where matter bends g, objects fall.

Appears in: the line element, the field equations, every measurement of distance or time.
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r] The Minkowski metric

The special, flat metric of spacetime without gravity — the geometry of special relativity. It is the
same at every point: diagonal, with a minus sign on the time coordinate and plus signs on the three
space coordinates. General relativity reduces to n in any small enough region, which is the
mathematical statement of the equivalence principle: spacetime is locally flat.

Appears in: special relativity, the spacetime interval, the local limit of curved spacetime.

[T The Christoffel symbols (the connection)

A set of correction terms, computed from the metric and its rate of change, that describe how the
coordinate grid twists from point to point. They are what the covariant derivative uses to differentiate
properly in a curved space, and what the geodesic equation uses to define the straightest path. The
I" are not themselves a tensor, but they are the raw material from which the curvature tensor is built.

Appears in: covariant derivatives, the geodesic equation, the Riemann tensor.

v The covariant derivative

Differentiation that respects the curvature of space. Ordinary derivatives ¢ compare quantities at
different points as if the coordinate grid were straight; the covariant derivative V adds
Christoffel-symbol corrections so the result is a genuine tensor, the same in every coordinate
system. It is how rates of change are expressed lawfully in a curved world.

Appears in: tensor calculus, the equations of motion, conservation laws in curved spacetime.

va, R The Ricci curvature tensor and scalar

Condensed measures of curvature obtained by contracting (summing over) indices of the full
Riemann tensor. The Ricci tensor Ruv describes how volumes are distorted by curvature; the Ricci
scalar R is a single number summarising the curvature at a point. Together they assemble the
left-hand side of Einstein's field equations.

Appears in: the Einstein tensor, the field equations.

GUV  The Einstein tensor

The combination Ruv - %2 R guv that forms the left-hand side of the field equations. It is built
entirely from curvature, and is constructed so that its 'covariant divergence' vanishes automatically
— which guarantees, on the other side of the equation, that energy and momentum are conserved.
Geometry, in this object, enforces a law of physics.

Appears in: the Einstein field equations.
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T|.|V The stress-energy tensor

The complete inventory of matter, energy, momentum, and pressure at each point of spacetime —
the source of gravity. It sits on the right-hand side of the field equations. Where T is nonzero,
spacetime is curved; where T vanishes, spacetime may still be curved by matter elsewhere, but no
new curvature is generated locally.

Appears in: the field equations; the ‘matter’ that tells spacetime how to curve.

/\ The cosmological constant

A constant term Einstein added to his equations to permit a static universe, then discarded as his
'greatest blunder' when the universe was found to be expanding. It represents an energy of empty
space itself. Decades later it returned to account for the observed acceleration of cosmic expansion
— the phenomenon now attributed to 'dark energy.'

Appears in: the field equations, cosmology, dark energy.

Y The Lorentz factor

The quantity 1/V(1 - v#c?) that governs all the effects of special relativity. It is essentially 1 at
everyday speeds — which is why relativity is invisible in daily life — but grows without bound as a
speed v approaches the speed of light c. It sets how much moving clocks slow and moving lengths
contract.

Appears in: the Lorentz transformation, time dilation, length contraction.

C The speed of light

The speed of light in vacuum (about 300,000 km/s), and the universal speed limit. Its constancy for
all observers — the fact that everyone measures the same c regardless of their motion — is the
postulate from which special relativity follows. In spacetime geometry, c is the conversion factor that
lets time be measured in the same units as space.

Appears in: special relativity, the spacetime interval, E = mc2

G Newton's gravitational constant

The fundamental constant that fixes the strength of gravity. It appears in Newton's law of gravitation
and again in Einstein's field equations, where the factor 8mG/c* sets how strongly matter and
energy curve spacetime. Because c® is enormous, this coupling is tiny — it takes a planet's worth of
mass to curve spacetime appreciably.

Appears in: Newtonian gravity, the field equations.
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T Proper time

The time measured by a clock carried along a given worldline — the time actually experienced by a
traveller, as opposed to the coordinate time assigned by a distant observer. Free-falling bodies
follow the worldlines that maximise proper time, which is the relativistic meaning of 'straightest path.’
Proper time is the parameter along a geodesic.

Appears in: the geodesic equation, time dilation, the twin paradox.

K Gaussian curvature

Gauss's intrinsic measure of how a surface bends at a point, equal to the product of its two principal
curvatures. Its decisive property, the Theorema Egregium, is that it can be determined by
measurements made entirely within the surface, without reference to any surrounding space. It is
the two-dimensional ancestor of the Riemann curvature tensor.

Appears in: Gauss's theorem, the foundations of intrinsic geometry.

X, t Position and time

The independent variables of physical space and time. x denotes a location along a line (or in
space); t denotes the moment. In quantum mechanics, x is not the position of the particle — it is the
argument of the wavefunction. The particle does not have a definite position; the wavefunction y(x)
gives the probability amplitude at each possible location x.

Appears in: Schrédinger equation, wavefunction, Fourier transform.

n, k Integer indices and wave numbers

n labels terms in a sequence or series: the n-th Fourier coefficient, the n-th energy level. k is the
wave number — the number of complete oscillations per unit length. High k means high frequency,
short wavelength, high momentum. In quantum mechanics, momentum p = hk.

Appears in: Fourier series coefficients, energy levels, plane waves.

TT The ratio of circumference to diameter (= 3.14159...)

T arises wherever circles or rotations appear. In Fourier analysis, the factor 21 appears because a
full rotation spans 21 radians. In Euler's formula, e”(itr) = -1 — rotating by 1 radians (half a circle)
lands on -1. In quantum mechanics, h = h/(21) absorbs the 21T that appears in every wave relation.

Appears in: Euler's identity, Fourier transform normalization, h.

_[ The integral

The integral of f(x) from a to b is the area under the curve y = f(x) between x = a and x = b. Defined
by Riemann as the limit of sums of thin rectangles. In Hilbert space, the integral is the inner product:
{f, g) = | f(x) g(x) dx. It measures how much two functions 'overlap' — how correlated they are.
Fourier coefficients are computed by integration.

Appears in: inner products, Fourier coefficients, probability via Born rule.
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Z Summation over a sequence

The sum from n = 1 to infinity of a, means: add a; + a, + a; + ... without stopping. Such an infinite
sum may converge to a finite number (Cauchy's convergence theory) or diverge to infinity. Fourier
series are infinite sums of sinusoids. In quantum mechanics, the total probability is the sum of |c,|*
over all eigenstates, and this sum must equal exactly 1.

Appears in: Fourier series, quantum superposition, probability normalization.

U] The quantum wavefunction

Y(x, t) is the wavefunction of a quantum system — a complex-valued function of position and time.
It is not directly observable. What is observable is |w|?, the squared magnitude, which gives
probability density. The wavefunction lives in Hilbert space L?; it must be square-integrable so that
the total probability integrates to 1. In Dirac's notation, the state |y) is the abstract vector of which
W(x) is the position representation.

Appears in: Schrédinger equation, Born rule, Hilbert space as state space.

(p A second wavefunction or phase angle

¢ often denotes a second quantum state (distinct from ), used when computing inner products
(p|w). @ also denotes a phase angle in Euler's formula: e*(ip) is a complex number of magnitude 1
and argument ¢@. Phase is the 'direction’ of a complex amplitude in the complex plane. Relative
phases between quantum states determine interference.

Appears in: inner products, interference, phase gates in quantum computing.

(f, g) The inner product of two functions

{f, 9) = [ f*(x) g(x) dx, where * is the complex conjugate of f. This is the precise analogue of the dot
product of two vectors. It measures correlation between functions. If {f, g) = 0, the functions are
orthogonal — they carry independent information. The inner product defines the norm Iifll = (f, f),
which measures the 'size' or 'energy’ of a function.

Appears in: Hilbert space geometry, Fourier coefficients, probability amplitudes.

Il,lj) A quantum state vector in Dirac notation

|w) is an abstract vector in Hilbert space — Dirac's 'ket.' It represents the complete state of a
quantum system without specifying any particular representation. When we project |y) onto position
eigenstates, we get Schrodinger's w(x). When we project onto energy eigenstates, we get
Heisenberg's matrix coefficients. The inner product of two kets |@) and |y) is written (p|y) — a
'bra-ket' (bracket).

Appears in: quantum mechanics universally, unitary evolution, measurement.
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h The reduced Planck constant

h = h/(21), where h is Planck's original constant (= 6.626 x 1073 J-s). h sets the scale at which
quantum effects become significant. It appears in the Schrodinger equation (ih d/at), in the
uncertainty principle (o_x o_p 2= h/2), and in the commutation relation (xp — px = ih). In everyday
units, h is extraordinarily small — which is why quantum effects are invisible at human scales but
decisive at atomic scales.

Appears in: Schrédinger equation, uncertainty principle, commutation relations.

a ' Theinverse of an element

For every symmetry there is an opposite symmetry that undoes it: rotate back, swap back, shift
back. Combining an element with its inverse gives the identity. The guaranteed existence of
inverses — the fact that every symmetry can be reversed — is one of the four defining properties of
a group.

Appears in: the group axioms; reversibility of every symmetry.

Sn The symmetric group

The group of all permutations of n objects — all the ways to shuffle them. It has n! elements and is
the original example studied by Galois, since the roots of a degree-n equation can be permuted.
The internal structure of Ss, the permutations of five objects, is exactly what makes the general
quintic unsolvable by radicals.

Appears in: Galois theory; the unsolvability of the quintic.

[A, B] The commutator (Lie bracket)

Defined as AB — BA, the commutator measures the failure of two transformations to commute —
the extent to which doing A then B differs from doing B then A. It is the fundamental operation of a
Lie algebra, encoding how a continuous group's infinitesimal generators interact. In quantum
mechanics, non-zero commutators are the source of uncertainty and of spin.

Appears in: Lie algebras; angular momentum, quantum spin.

80(3) The rotation group

The group of all rotations of ordinary three-dimensional space. It is a Lie group — continuous, since
one can rotate by any angle — and its representations classify the angular-momentum states of
quantum systems. Its close relative SU(2) is needed to describe spin, the half-integer angular
momentum that SO(3) alone cannot capture.

Appears in: angular momentum; atomic multiplets; the symmetry of space.
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S U (2) The spin group

The continuous group that 'doubly covers' the rotation group, and the one quantum mechanics
actually requires to describe spin. Its smallest non-trivial representation has two components —
precisely the two states (up and down) of an electron's spin. SU(2) is also part of the symmetry of
the weak nuclear force in the Standard Model.

Appears in: electron spin; the weak interaction.

S U (3) The group of the strong force

A continuous (Lie) group whose representations organise the strongly interacting particles into the
families of the Eightfold Way, and whose smallest representation, with three members, corresponds
to the three colours of quark. Demanding SU(3) symmetry hold locally generates the strong nuclear
force.

Appears in: the Eightfold Way; quarks; the strong interaction.

U (1 ) The simplest continuous symmetry

The group of rotations of a circle — equivalently, multiplication by a phase, a complex number of
magnitude one. It is the symmetry behind electric charge conservation, and demanding it hold
locally generates electromagnetism, with the photon as its carrier. It connects directly to Euler's
rotating phase from the first book of this series.

Appears in: electromagnetism; charge conservation; quantum phase.

D(g) A representation

An assignment of a matrix D(g) to each group element g, in a way that respects the group's
combination law: D(g)D(h) = D(gh). A representation lets an abstract group 'act' concretely on a
space of vectors — for instance, on the Hilbert space of quantum states. An irreducible
representation is one that cannot be split into smaller pieces.

Appears in: quantum states; selection rules; the identity of particles.

(m, s) Mass and spin

The two labels that completely specify an irreducible representation of the Poincaré group — and
therefore, by Wigner's 1939 result, the two numbers that define an elementary particle. Mass
measures the particle's rest energy; spin measures how its state transforms under rotation. Every
elementary particle is fixed by this pair.

Appears in: Wigner's classification; the definition of a patrticle.

122



THE INVISIBLE MATHEMATICS
How pure thought so often arrives early

®  The tensor product

The operation for combining two systems, or two representations, into a larger one — the way the
states of several particles are built from the states of each. Decomposing a tensor product of
representations back into irreducible pieces is how physics determines the possible outcomes of
combining particles, including the rules for adding angular momenta.

Appears in: combining particles; addition of spins; building multiplets.

V - E o+ F Euler characteristic

Vertices minus edges plus faces; a whole number fixed by a shape's holes, not its size.

Appears in: Euler's polyhedron formula; the first topological invariant.

C Chern number

An integer measuring the twist in a quantum state; cannot change without a sharp transition.

Appears in: Quantum Hall conductance; topological phases of matter.

i, j, k Quaternion units

Three independent square roots of minus one that do not commute:ij=kbutji=-k.

Appears in: Hamilton's quaternions; the algebra of 3D rotation.

Nn= p X q RSA modulus

A public number built by multiplying two secret primes; easy to form, hard to undo.
Appears in: RSA public-key cryptography.

|a m bda( n) Euler-style totient

Counts numbers below n sharing no factor with it; the secret key depends on it.

Appears in: Euler's theorem; the RSA private exponent.

O, 1 Boolean values

False and true — the only two quantities Boole's algebra allows.

Appears in: Boole's logic; the open or closed states of every switch and logic gate.

A lambda

Introduces a function: 'Ax . body" is the function of x given by body.

Appears in: Church's lambda calculus; the anonymous functions of modern programming.
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—> reduces to

One step of computation: substitute the argument into the function body.

Appears in: Beta-reduction, the single operation of the lambda calculus.
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